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1 Overview

1.1 Literature

There is no shortage of text books on quantum field theory. I will list a few of them here:
- M. Peskin und D. Schroeder, An Introduction to Quantum Field Theory, Perseus Books, 1995.

- M. Schwartz, Quantum Field Theory and the Standard Model, Cambridge University Press,
2014.

- M. Srednicki, Quantum Field Theory, Cambridge University Press, 2007.
Lecture notes (on more specialised topics):
- S. Weinzierl, The art of computing loop integrals, arXiv:hep-ph/0604068

- S. Weinzierl, Tales of 1001 Gluons, arXiv:1610.05318

2 Review of quantum field theory

We start with a review of the basics of quantum field theory. We will assume that these concepts
have been covered in a first course on quantum field theory, therefore the exposition in this
section will be brief.

2.1 Path integral formalism

The generating functional is given by

ZU@N:=1M/ﬁw@)pr/f%L®)+N@M@4

Functional derivatives are defined by

5 L Z(x) + €8x —)] — Z ()]
s Pl = lim : -

The n-point Green functions are obtained as functional derivatives of Z[J]:

(=0)"  ¥"Z[J(x)]
Z[0] 87 (x1).-8J(xn) |,

(QITH(x1)..0(x) | Q) = G'(x1,..oxn) =
The functional Z[J] generates all Green functions:
i" N A
) = 2L, / d*xy b, (Q[TO()- ()| Q) J(x1)...d (x,)
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For the computation of scattering amplitudes we would like to have as boundary condition not
the vacuum but an #n particle state. If we assume that interactions are only relevant within a finite
volume, we can take this n particle state as the superposition of n non-interacting one-particle
states. We call such a state an asymptotic state. If we consider a scalar field theory, the asymptotic
field satisfies the Klein-Gordon equation

(B+m%) Qasymp(x) = 0.

Consider now

Zomgl) = [ Doexpi [t o)+ 000
1im 0 =Oasymp
Then
Zasymp [0] =

l'n
Zﬁ /d4x1...d4xn¢asymp(x1)...¢a5ymp(xn) (Dx, —|—m2) (Dxn —|—m2) G" (X1, .eeyXp).

Define now the Fourier transform of the Green functions by

Gn('xla"'vxn> e_izpjxj (2n)464 (pl + +Pn) Gn(pla 7p71>

d4pl d4pn
| Gy

and the truncated (amputated) Green function in momentum space by

. -1 . -1
~ l 4 ~
G:lrunc(plaapn> = <72) <72) Gn(p],,pn)

2 2
py—m pyp—m

2.2 Cross sections and decay rates

To calculate the cross section at an collider with no initial-state hadrons (e.g. an electron-positron
collider):

1 1

= d TP a )P
© 2K(Q2)nspin(A)nspin(B)/ O (pa+PBiP1s s Pn) |A(PaPB = P1P2--.)]

where 2K(Q?) is the flux factor and we have 2K (Q?) = 2Q? for massless incoming particles.
The scattering amplitudes is given by

/‘Zl'(pApB - plpz...) = ~:lrunc,connected (PAPB - P1p2~~~) .
For a decay rate we have

1 1

' = —— d 9 2 a - 2.
2mAnspin<A)/ q)(pA p1 pn)| (PA pP1pP2 )‘
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The phase-space measure is given by

1 d?
do(Q:p1,p2,--Pn) = )l (gﬁ) (2n)*8*(Q—Y pys),

if the final state contains 7; identical particles of type j. If the colliding particles are not elemen-
tary (like protons or antiprotons), we have to include the probability of finding the elementary
particle A inside the proton or antiproton. If the proton has momentum p, one usually specifies
the probability of finding a parton with momentum fraction x by the parton distirbution function

f().

The parton has then the momentum

pA = XPp.

For the cross section we have to integrate over all possible momentum fractions and the formula
for a hadron-hadron collider becomes

1 1 1
2K<S) Nspin (A)nspin (B) Neolour (A)ncolour(B)

2
/d¢ (pa+pB; D1, Pn) | A(PaPB — P1P2---)|

o = [dnfn) [dnfx)

Neolour (A) and neglour (B) are the number of colour degrees of the initial state particles.

2.3 Gauge theory

An important example of a quantum field theory is given by gauge theories. Gauge theories (also
called Yang-Mills theories) are characterised by the fact that at each point in space-time we have
an internal symmetry group G. Let us now briefly review Yang-Mills theory.

Let G be a Lie group, g its Lie algebra and 7 the generators of the Lie algebra where the
index a takes values from 1 to dim G. We use the conventions

[T“,T"] = jfabere, Tr(T“Tb> - %6“”.

The Lie group is called abelian, if all structure constants f“*¢ vanish, otherwise it is called non-
abelian. In particle physics we encounter abelian and non-abelian gauge groups. An example for
the abelian case is given by quantum electrodynamics (QED), corresponding to the abelian gauge
group U(1). An example for the non-abelian case is given by quantum chromodynamics (QCD),
corresponding to the non-abelian gauge group SU (3). The extension towards non-abelian gauge
groups was first suggested by Yang and Mills in 1954, hence the name “Yang-Mills theory” as
a synonym for “gauge theory”. We may view the abelian case as a special case of the general
non-abelian case.



The field strength tensor is given by
Fo = 0uA%—0vAL+gfAbAS,

where a is an index running over all generatros of the Lie algebra. For a SU(N) gauge group the
index @ runs from 1 to N> — 1. The Lagrange density reads:

1 A%
L = — FRF.

The Lagrange density is invariant under the local transformations
i
rai) U (1430 + 13, ) Ul
with
U(x) =exp(—iT0,4(x)).

The action is given by the integral over the Lagrange density:

s = /a’4xL.

for = g (47) @AY

is called the gauge-fixing term, the quantity

The quantity

LFP = —‘“G“Df,bcb

the Faddeev-Popov term.

2.4 Fermions in the fundamental representation of the gauge group

We recall that the Lagrange density for a free fermion (e.g. no interactions) is given by

Lr = W(iydu—m)y.

We are now looking for a Lagrange density for the fermionic sector, which remains invariant
under gauge transformations. Under a gauge transformation a fermion field y;(x) transforms as

Vi(x) = Uij(x)yj(x),  Uij(x) =exp(—iT“6%(x)),
Wix) = 9 (U (x).



0“%(x) depends on the space-time coordinates x. For an infinitessimal gauge transformation we
have

Vil) = (1= iT8(x) ().

We immediately see that a fermion mass term

() y ()

is invariant under gauge transformations. (Note however that in the standard model the fermion
masses are generated through the Yukawa couplings to the Higgs field.) But the term involving
derivatives is not gauge invariant:

W) — WU 0¥, (U w)
= WYY + Y (U090 () wix)

~~
extra

The solution comes in the form of the covariant derivative
D, = du—igT A%®x),
where the gauge field transforms as
TAl(x) — U(x) (T"AZ(X) + éa,,) U'(x).
Then the combination
OO = WP (3~ igTAL) w(x)
= WU 3, iU ) (T + 29, ) U1 | U 0wt
= WYY + Y (U0 () i)
VNPT AL + 007 | (3010 U@ | wiw)

1s invariant.

This gives us the Lagrange density for the fermion sector:

Lermions = Z W(X) (i'YuDlL, — mf) \V(x)

fermions

2.5 Feynman rules for QED and QCD

From the Lagrange density we may derive the Feynman rules. We summarise here the Feynman
rules for QED and QCD.



Propagators:

The propagators for the gauge bosons are in the Feynman gauge (§ = 1).

gauge bosons | gluon | A% _;{#85,;,
photon | A, 7;;%‘”
fermions quarks | y; i%&j
leptons | ip’g:'zz
ghosts c? k%ﬁ“b
Vertices:
Quark-gluon-vertex:
igY,uTi?
3-gluon-vertex:
yki,u.a
P >
k3, A.c ko,v,b

4-gluon-vertex:

p.d ua

AC v.b



_igz [fabefwd (gygip - g,upgvh) +facefebd (g,ungp - g,upghv) +fadefebc (gyvgxp - g,u)»gvp)]

Gluon-ghost-vertex:

$00s0 b

_ g lebC k‘u

Fermion-photon-vertex:
ieQyy,

Additional rules:

An integration

=~

[

~—

for each loop.
A factor (—1) for each closed fermion loop.
Symmetry factor: Multiply the diagram by a factor 1/S, where S is the order of the permuta-

tion group of the internal lines and vertices leaving the diagram unchanged when the external
lines are fixed.

External particles:

Outgoing fermion: i(p)
Outgoing antifermion: v(p)

Incoming fermion: u(p)
Incoming antifermion: v(p)

Gauge boson: €,(k)

10



Polarisation sums:

Y ulp,Va(p, ) = pg+m,

A
Y v(p.Mi(pA) = §-m,
A
* _ klunv +nluk\/ ) k,leV
;E,u(kv}\‘)e\/(kv}\‘) - g,uv+ kn n (kl’l>2

Here n* is an arbitrary four vector. The dependence on n* cancels in gauge-invariant quantities.
Using Weyl spinors, a convenient choice of polarisation vectors for the gauge bosons is given by

er(kq) = %,

V2lkq)

where ¢! is an arbitrary light-like reference momentum. The dependence on g* cancels in gauge-
invariant quantities.
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3 The Standard Model

3.1 Spontaneous symmetry breaking

The concept of gauge theories allowed us to describe successfully quantum electrodynamics and
quantum chromodynamcis, the quantum theories of the electromagnetic and the strong force.
Both theories are characterised by the fact, that the particles which mediate the forces (photons
and gluons) are massless particles. This is required by gauge invariance. In fact, a naive mass
term for the gauge bosons in the Lagrangian

Lmass = mZAZAa a

is not invariant under gauge invariance
i
TAy(x) — U(x) (T“Az(x) + §8H> U'(x).

On the other hand it is an experimental fact, that the W-bosons and the Z-boson have non-zero
masses. As we do not want to abandon the concept of gauge theories, we face the problem on how
to incoporate massive gauge bosons into gauge theories. The solution is provided by the concept
of spontaneously broken gauge theories, also known under the name “Higgs mechanism”. To
start the discussion let us consider a simple physical system with a complex coordinate ¢ and a
potential

2

ve) = m*loP+ i (loP)

2
The potential has a harmonic term m?|¢|* and an anharmonic term o (|¢|2> . For m* > 0 and

A > 0 the potential has an absolut minimum at ¢ = 0. In classical mechanics the ground state
would therefore be ¢ = 0. This is nothing new.

Imagine now that the potential is given by
21002, | 2\?2
Vo) = —loP+ 2 (lol) ",
with

>0, A>0.

Then the potential has the shape of a mexican hat, and ¢ = 0 corresponds to a local maxima. The
potential has a minima for

12



The minimas are described by a circle in the complex plane. The ground state of the physical
system will be one point of this circle, with no preference for any particular point. Without loss
of generality we can choose this point to lie along the positive real axis. Therefore we face the
situation, that the potential has a rotational symmetry around the point ¢ = 0, while the ground
state has not. This is the concept of a spontaneously broken symmetry. In general one speaks
about a spontaneously broken symmetry, if the Lagrangian of a theory has a certain symmetry,
which is not preserved in the ground state of the theory.

3.2 The Higgs mechanism

The standard model is based on the gauge group
SU(3)xSU((2) xU(1),

where SU(3) is the gauge group of the strong interactions, SU(2) the gauge group associated
to the weak isospin and U (1) the gauge group associated to the hypercharge. This group is not
identical to the gauge group of quantum electrodynamics. To avoid confusions, one often writes
Uy (1) for the group related to the hypercharge and Uej—magn(1) for the gauge group of QED.
In the standard model, the electroweak sector SU(2) x Uy(1) is spontaneously broken down to
Uel—magn(1). We now study the spontaneously symmetry breakdown in detail.

Within the standard model one assumes an additional complex scalar field, transforming as the
fundamental representation of SU(2) and having hypercharge Y = 1. In the weak isospin space
we can write the field as a two-vector with complex entries. It will be conveninet to use the
following parametrisation:

e
o) = (%(V+H<x)+ix(x))>‘

¢ " (x) is a complex field (two real components), H(x) and (x) are real fields. The quantity v is
a real constant. We will later see that it corresponds to the vacuum expectation value of the field
¢(x). The three components ¢(x) and ¥ (x) are absorbed as the longitudinal modes of Wyi and Z,,.
H (x) is the Higgs field.

The Lagrange density of the Higgs sector

LHiggs - (D,uq))T (D“q)) - V((l)) + Lyukawa-

The covariant derivative is given by

Y
Dy = Ou—igl'Wy —ig' 5By,

where [¢ = %c" (c“ are the Pauli matrices) and we have Y = 1 for the Higgs doublet. (Note that
our ¢’ = —g; (Hollik).)

13



The Higgs potential is given by
2

Vo) = oot 1 (o'0)

For > > 0 (and A > 0) we have spontaneous symmetry breaking. In that case the potential has a
minimum for

oo = AL
oA 27
We have
2
u
= 24/=.
y V2
We write

_ 0" (x)
o) = (\/Lz(v—l-H(x)—l—ix(x)))’

o'(x) = (¢—<x>,%<v+H<x>—ix<x>>)'

We introduced this parametrisation already previously. We now see that this parametrisation
corresponds to an expansion around the minimum of the potential V(¢). Indeed, we have for

0" (x) = 0and H(x) = x(x) = 0:
v (0
o) = ﬁ<1),

giving us one point in the minimum of the potential. All points in the minimum of the potential
are parametrised with two parameters o and 3 through

o) = 5 Gammh )-

We have to pick a point in the minimum of the potential, any choice of point is as good as
any other choice. The choive made above is the conventional choice. With the parametrisation
around the minimum as above let us now consider the terms bilinear in the fields W and By,
coming from (D,0)"(D,0). We find

1
(Dﬂq’)T (Dﬂ‘b) = &V (Wul Wul + Wuz Wuz )

W¢,B,—bilinear 8

1, 3(8 —gg')(Bu)
+—v" (B, W .
8 ( K “) —gg' 82 W,?

14




We define
(W, +iW;)

=
.
I

S

and
Ay B cosBy  sinBy B,
Z, N —sinBy  cos Oy W;’ '

The angle Oy is given by

g sinBy = gi‘

cosOy = ————,
V&2 +g”? 2 +g"?

Oy is called the Weinberg angle. We then obtain

1 1% 2 4+ + — * —
= S () wrwl )
L
2

W B, —bilinear 2

(D) (Dub)

We therefore have
V y
my =58  Mz=3\ g2+

It is not too difficult to show that the Higgs mass is given by

=\
H = 2\/.

In order to see this, we look at all terms bilinear in H from
2070 — 12 (o76)
-V (q))‘Hfbilinear = H q) q)_Z}\’ (q) q))
H —bilinear
1 5 3.5\, 1/ W2\,
2 ( w ) 2 ( 2

The gauge couplings g and g’ are related to the elementary electric charge by

/

B g8
e - 77
V&2 +g"?
or
e / e
g = - 5 — .
sin Oy cos Oy

15



3.3 Yukawa couplings

The Higgs sector generates also the fermion masses through Yukawa couplings. We discuss this
mechanism first in a simplified model without flavour mixing. The full standard model including
flavour mixing is discussed in the next section 3.5.

Spin 1/2 particles are described by four-component spinors y(x). With the chiral projectors

1
Pj: = 5 (1 :|:’Y5)

we define left- and right-handed spinors:
Vi(x) = Pry(x).

The fermions in the standard model can be grouped into three families:

u C t
d s b
Ve |’ \7 Vz
e u T

The families differ only by the masses of their members.

Let us now discuss the quantum numbers of the fermions in the electro-weak sector:

The left-handed components (uz,dr) and (vg,er) transform as the fundamental representation
under the SU(2) group. The right-handed components ug, dg, Vg and eg transform as a singlet
under the SU (2) group.

In detail one has:

5 Y| Q 5 Y| ©
wl 3 43 w0 43
di| =3 3|3 dr | 0 —%|—]
vi| + —1| 0 Ve[ O 0| 0
e, | -4 —1|-1 er| 0 —2| —1

Q

= nilt

The electric charge is given by the Gell-Mann-Nishijima formula:

Remark: The table contains a right-handed neutrino, which does not interact with any other par-
ticle.

16



The Yukawa couplings are given by

Lyukawa =
Y {—M (itz,dy) ddg — M (i1, dr) 9 ur — he (Vi,21) er — Ay (Vr,21) 9 VR + h.c.} :

families

where the charge-conjugate Higgs field is given by

ns o [ 01 o~ (x) - (v+H(x) — iy (x))
00 = 2PY =ic’9" = ( -1 0 ) ( %(V%—H(x)—ix(x)) ) B ( —0~ (x) )

Example:

Sl

+ X
—Ag (IZL,d_L) O0dr+ h.c. = —Ay (L_tL,d_L) < %(V-I—i]()(c))-k ix(x)> )dR+ h.c.

v?»d
(

V2

Vg - . :
= —TSdeR + interaction terms + h.c.
Therefore the Yukawa couplings generate the masses of the fermions. From the above example
we obtain

ﬁL,d_L) ( (1) )a’R+ interaction terms + h.c.

1
mg = —V}bd.

V2

The case of the up-type masses is similar. We have for example

e (L) g+ he. = N (o) < %(”j) (_xzx; ) >uR+ he.
VA,

— 7 (iap,dp) ( (1) ) ug + interaction terms + h.c.

VA,

= ———iipug + interaction terms + h.c.,

V2

giving us

m, = —=VA,.

V2

3.4 Feynman rules in the electroweak sector

In this paragraph we present the most important Feynman rules in the electroweak sector. A
complete list of Feynman rules can be found in many textbooks. We present the Feynman rules

17



for the fields A, Z, and Wﬂi. The original fields are related to the new fields by

B, \ _ [ cosby —sinBy \ [ A, w,\N 1 /1 1 W,
W7 ) =\ sinBy  cosBy Zy )’ wi) 2\ i =i )\ W)

As with any gauge theory, we also have to fix the gauge for the electroweak sector. A useful
gauge fixing condition is given in the electroweak sector by the "t Hooft gauge (also called Rg-

gauge):

LGr =
1

1 1
” — 55042y —mzEzx)? —e-

287 2%y
SU(2) U(1)

(9An)?

J/

(W, — imwEw ™) (W, + imwEwo™)

& = 0 corresponds to Landau gauge, & = 1 to the Feynman gauge. ¢, ¢~ and Y are called the
would-be Goldstone fields. For the propagators we have to look at all terms in the Lagrangian,
which contain exactly two fields. Lyjgess Will contain terms, which involve one electroweak gauge
boson (Z,,, Wui) and one pseudo-Goldstone field (3, ). These terms lead to a mixing between
electroweak gauge bosons and pseudo-Goldstone fields, resulting in a propagator matrix. The ’t
Hooft Rg-gauge eliminates these mixing terms.

The propagators for the W- and Z-bosons are given in 't Hoofts Rg_-gauge by

gauge bosons | photon | A, _;‘g’“
a + —iguv
W-boson | W, Py

_ —iguv

Z-boson | Z, Py

Higgs sector | Higgs H |~

Let us now look at the interaction vertices of the electroweak gauge bosons with fermions. We
have for the covarariant derivative

Y
D, = 0,—igl'W;—ig'>B,

2
ie
= 9,—iQeA,————— (21 —20sin’0y) Z,
K lQe K ZSinewcosew( Qsm W) H
ie 1 ) + ie 1 .32 —
- +ir)W —— (I —il")W,.
ﬁsinew( )W, ﬁsinew( )W,

18



Note that
t1,.2 _ (01 1 .2 _ (00
1+zl_(00,111_10.

(21° —2Qsin* Oy Z,

Thus we obtain

\_Vi,YuD:“ W}trilinear = \TI,YUW |:QeA,U +
e e
V/2sin Ow V/2sin Ow

Thus we see that the photon-fermion-antifermion vertex is iQey, as already known from QED.
The Z-fermion-antifermion vertex is given by

2sin By cos By

(I"+ir)w, + (' —ir?) WH] :

ie ( )
— Y, (vf—a
2sin By cos Oy TV = 4f%)

where
vp = L—2Qsin*0y, a; = b,
and I3 equals 1/2 for up-type fermions and —1/2 for down-type fermions. The i ;W *d-vertex
is given by
ie

—————v, (1 =v5) Vir,
2ﬁsinewy“( Ys) Vik

the dW ~u-vertex is given by

_ e (1—ys) Vi
Zﬂsinewyy ) Yk

In a model without flavour mixing we have Vj; = 0z, in the next paragraph we will study flavour
mixing in the Standard model and V; will be the appropriate matrix element of the quark mixing
matrix or the neutrino mixing matrix.
Let us also look at the fermion-antifermion-Higgs vertex. The vertex comes from the Yukawa
part of the Lagrange density. As Feynman rules one finds
A

—]—=

\/§7

where A is the Yukawa coupling of fermion f. Since

1 2
my = —vAy and v = mWsinGW

V2 e
we may equally write for the fermion-antifermion-Higgs vertex

ie mf

2sin®,, my

19



3.5 Flavour mixing

We now come to the final ingredient of the standard model: flavour mixing. Let us consider the
electroweak sector, in particular the coupling of quarks to the electroweak gauge bosons. Recall
the Lagrange density for the quark sector:

Liermions = Y {(uL,d}) iy“D,,( Zf ) —I—ﬁRiy’“‘DﬂuR—i—d_}giy“Dud}e}
families L

For reasons, which will become clear later, we put a prime on all d-type quark fields. The
Lagrange density is obtained by replacing the ordinary derivative d,, with the covariant derivative

Y
Dy = Ou—igl'Wy —ig' 5By

This is required by gauge invariance. This Lagrange density does not allow for mixing between
the various quark flavours.

On the other hand the Yukawa couplings are given by
Lygkawa = Y, {—M (it dr) ddr — Ay (iir,dr) 0 ug + h.c.}
families

where the charge-conjugate Higgs field is given by
0¢ = 020" =2iho".
Note that now the prime is missing on the d-type quark fields. We have seen that the Yukawa
terms lead to mass terms for the fermions:
~Ag (i, dp) 0dg — My (dr,dr) 0€ug + h.c. =
—@JLCZR — V—MﬁLuR + h.c. + interaction terms

V2 V2

However, the Yukawa couplings are not constrained by any gauge symmetry and we could allow
for flavour mixing in the Yukawa terms. In fact, nature has chosen this possibility. We therefore
consider a general mass term of the form

Limass = Z CZZMddIIQI + IZZMMM% + h.c.

families

where M; and M, are (arbitrary) complex 3 x 3 matrices in family space. A matrix M can be
diagonalised by a biunitary transformation

viMw = M,

where M is a diagonal matrix.
Proof: Using the polar decomposition, M can be written as

M = HU,
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where H is hermitian and U is a unitary matrix. H can be diagonalised by a unitary matrix V:
vlHv = M,
therefore W = U~V

The gauge part of the Lagrange density

Lfermions = Z {(ﬁL,Ji) inD,u ( Zz ) + IZRl"YuDluMR "‘d_;el'YuD,ud;e}

families

is invariant under the rotations with respect to the family index:

ur, ur,
(i) = (i)

ur — SR,uuR
drp — Sgradgr

Using this freedom we have with

M, = VMMMWM_]7 My = VdeWd_la

Y AV Mgw g+ a VM, W, lug + hee. =
families _ | R/’_/ M M
diVi Vg dg ur Ug

Y @V, 'V Mydly+ i Mg+ hec,
families

L

V-1V, describes the quark mixing and is a unitary 3 x 3 matrix:
Vekm = VuilVd.
Note that
d =Vekmd and d'Vegm =d.
A unitary n x n matrix is decribed by n? real parameters, out of these

n(n+1)
2

are phases. For 3 x 3 matrices we have three angles and six phases. We still have the freedom to
redefine our fields by a unitary diagonal matrix:

0 0
v o 0 &2 0 |y
0 0 ¢

21



This can be used to eliminate 2n — 1 phases, e.g. five out of the six phases for three generations.
This leaves one “physical” phase in the CKM matrix.

Standard parameterisations:

The CKM matrix connects the weak eigenstates (d’,s’,b") with the mass eigenstates (d,s,b):

!
d Vud Vus Vub d
/
Ky = Vcd Vcs Vcb s
/
b Via Vis Vi b
Standard parametrisation:
—id
c12€13 512€13 s13e
_ i0 i0
Vekm = —S$12C23 — C12523513€"°  C12C23 — §12523513¢€ s23c13 |
id i0
§12823 — €12¢23813€"°  —823C12 — §12€23513€"° €23C13

with ¢;; = cos6;; and s;; = sin®;;. The standard parametrisation can be written as a product of
three simpler matrices:

1 0 0 C13 0 S13e_if3 crn s;p O
Vekm = 0 ¢33 523 X 0 1 0 X —s12 cpp O
0 —s23 23 —S]3ei5 0 C13 0 0 1

This is basically a parametrisation in terms of three Euler angles and one phase.
Wolfenstein parametrisation:
A second parametrisation, the Wolfenstein parametrisation, is quite useful in the quark sector.

The usefulness stems from the fact that in the quark sector the CKM matrix is hierarchically
ordered. The Wolfenstein parametrisation is an approximate parametrisation, given by

e A A (p—im)
Vekm = —A —%2 AN? +0(AY.
AM(1—p—in) —AN? 1

Neutrino mixing:

In the lepton sector one uses for Dirac neutrinos the lepton mixing matrix

/
Ve Uet Uer Ues Vi
/
Vél = U,ul U,u2 U,U3 \'%)]
Vi Un Un U V3

A V‘L and V’, are the weak eigenstates, whereas vy, v, and v3 are the mass eigenstates.
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GIM mechanism:

The coupling of the Z-boson to the quarks is flavour-neutral, e.g. there are no flavour-changing
neutral currents (FCNC).

e

Y Y
4 (g cos Oy I° — g sin GWE) VuZ'y 4 <0052 Oy 1> — sin’ GWE) VuZ'y .

sin By cos Oy

The interaction involves only the diagonal matrices I° and 1. The primed fields with charge —1/3
occur in the form

dp
dyyZidy + S0 ZVs + by 2y = (dp,57,bp) 2" 1
by

= (dL,51,b1) Ve wZVekm | st

b

= (dp,51,br) YuZ" VgKMVCKM S

S——— by

1

Historical note: Around 1970 only the up-, down- and strange quarks were known. Cabibbo
proposed already in 1963 that the linear combination

d = cosOcd+sinOcs

enters the weak part of the Lagrangian. This model would predict flavour-changing neutral
currents:

d"yZ"d =
cos? Ocdy,Z"d + sin® Oy, Z"s + sin O cos O¢cdY, Z!s + sin B¢ cos 05y, 2" d

AS=0 AS=1

This model is in conflict with experimental observations, for example the ratio of neutral-current

(AS = 1) to charged-current rates in kaon decay is
Kt —atvy

<1072,

Kt — noutv,

Glashow, Iliopoulos and Maiani postulated a fourth quark as a isospin partner of sz and used the
mixing matrix between down- strange quarks:

d’ B cosOc  sinBc d
s - —sin@¢c  cosO¢ s

dyzrd +35v2Z2¢s = dy,Z'd+§y,2"s,

Then

an no flavour-changing neutral currents occur at tree level.
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3.6 Summary of the Standard Model

Let us summarise the standard model of particle physics. The Lagrange density for the standard
model is split into three parts:

Lsm = Lgauge + Lfermions T LHiggs-

The Lagrange density for the gauge bosons:

1 1 1
Loauge = — 4F,lleF a“ 4Wuakuva —ZB vB" + LGk + Lpp,
SU(3) SU(2) ul1)

where
Fo = 0uA—0vAL+g;3 “b°( )AbA°
Wi = 0 — Wi +efiin Wi Wy,
B,UV = alqu av u

For SU(3), the indices a, b and c label the generators of SU(3) and run from 1 to 8. For SU(2),
they label the generators of SU(2) and run from 1 to 3. The gauge fixing part ('t Hooft gauge):
1
— —_ (QHAC 2
LGF %, (0"A)
—_——
SU(3)

(W, — i B ) (W i) — (82— mzE)? — o (A,

287 2&7

SU(2) U(1)

&

J/

& = 0 corresponds to Landau gauge, & = 1 to the Feynman gauge. ¢, ¢~ and Y are called the
would-be Goldstone fields and have their origin in the Higgs sector. The fields W and By, are
related to the WjE Z, and A, fields as follows:

1 )
wE = 7 (W) Fiwy),

Ay _ cosOy  sinBy By,
(Zu ) N ( —sinOy  cosOy ) ( WH3 )
The Faddeev-Popov term for QCD reads:
L = & (D)
The covariant derivative in the fundamental representation reads
DY = 83— asfia A
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In the electroweak sector we have the ghost fields d*(x), d?(x) and d"(x). The Faddeev-Popov
term has the form

Lrp = d"K™PdP.
The Lagrange density for the fermion sector:
AW u _ . 7.
Lo = Y “M%yW%<j)+WMmW+%Mmﬁ
L

families
/

RN v _/ . _ .
+Mﬂgwm<;)+%wm%+qwm@}
Ho Oy — igT AL — igl*W< — ig' LB, quarks,
e Bu—igI“W;’—ig’%Bu, leptons.

Note that a right-handed neutrino (with no interactions through D) has been added.

The Lagrange density of the Higgs sector
i JCTN | 4\
Litiggs = (Dud) (DM0)+170"0 — it (¢ ¢> + Lyukawas
The covariant derivative is given as before by

Y
Dy = Ou—igl'Wy —ig' =By

The Higgs doublet is parameterised as follows:

0" (x)
o) = (%(V%-H(x)-i-i)((x)))’

o) = (¢—<x>,%<v+H<x>—ix<x>>)'

The Higgs doublet has ¥ = 1.
The Yukawa couplings are given by

Lygkawa = Y, {—M (i1, dp) Odg — Ay (i1, dr) 0€ug — Ae (Vi,e1) Oer — My (Vi,81) 0 VR + h.c.}

families

The CKM matrix connects the weak eigenstates (d’,s’,b") with the mass eigenstates (d,s,b):

d Vua Vs Vb d
s/ = Vea Ves Vb s
4 Via Vis Vi b
In the lepton sector one uses for Dirac neutrinos the lepton mixing matrix
Ve Ut U2 Ue Vi
VL = U ul U u2 U u3 \'%)
Vo Ui Un Ug V3

- VL and V’, are the weak eigenstates, whereas vy, v, and V3 are the mass eigenstates.
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4 Loop integrals

Up to now we considered only tree-level processes. Let us now turn to quantum corrections. We
will now encounter Feynman diagrams with closed loops. Let us look at an example: Fig. 1
shows a Feynman diagram contributing to the one-loop corrections for the process e e~ — ¢gq.

Ps P1
P2
P4 p3

Figure 1: A one-loop Feynman diagram contributing to the process ete™ — ggq.

Athigh energies we can ignore the masses of the electron and the light quarks. From the Feynman
rules one obtains for this diagram:

_ . —i

v(pa) (ieY') u(ps)——

P13

by i
< f G ¢ ) T2 (ie7"w) - o) (ie7°¥) (o

2 k2

1 d*ky 1 T Wi K,
23 arbrb 1 — 1 3
= —20¢" (1°T"T") s(pa)vulps)—— [ ralp)d (p) D20 29 ().
ij ) 2n)*id R R

Here, p12 = p1 +p2, p123 = p1 +p2+ p3, ko = ki — p12, k3 = ko — p3. Further ¢ (p2) = 1:€"(p2),
where €%(p») is the polarisation vector of the outgoing gluon. All external momenta are assumed
to be massless: pl-2 =0 for i = 1..5. We can reorganise this formula into a part, which depends
on the loop integration and a part, which does not. The loop integral to be calculated reads:

/ d*ky k§KS
(2m)* k3k3k3

while the remainder, which is independent of the loop integration is given by

=g (TUT'1) o(ps)Pulps) ——-a(po)# (p2)f ¥ HAGT V(P ).
P123PT

The loop integral from the example above contains in the denominator three propagator factors
and in the numerator two factors of the loop momentum. We call a loop integral, in which the
loop momentum occurs also in the numerator a tensor integral. A loop integral, in which the
numerator is independent of the loop momentum is called a scalar integral. The basic strategy
consists in reducing tensor integrals to scalar integrals. The scalar integral associated to our

example reads
/ d*k 1
(2m)* k3k3k3
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4.1 Regularisation

Before we start with the actual calculation of loop integrals, we should mention one compli-
cation: Loop integrals are often divergent! Let us first look at the simple example of a scalar
two-point one-loop integral with zero external momentum:

_ / d*k 1
p - 0 —
(2m)* (k2)?
: I /°°dx
= di?— = —.
(475)20/ k> (4m)? J X

This integral diverges at

e k% — oo, which is called an ultraviolet (UV) divergence and at

e k%> — 0, which is called an infrared (IR) divergence.

Therefore our naive loop integral is ill-defined. The first step to do is to write down a mathemati-
cal well-defined expression. To this aim we introduce an (ad-hoc) regularisation scheme. Typical
regularisation schemes are:

e Cut-off regularisation:

it A
(47:)20/? — (4n)2x/7 = (am)? [InA—In}].

e Mass regularisation for infrared divergences:

k1 Ak 17 K2
|Gy ~ | Grwmer = Wy

e Dimensional regularisation. Here we first perform the calculation in a space-time of di-
mension D and continue to D — 4 in the end. It turns out that dimensional regularisation
is from a calculational perspective the easiest regularisation scheme. We will treat dimen-
sional regularisation in detail in the next sub-section.

4.2 Loop integration in D dimensions

In this section we will discuss how to perform the D-dimensional loop integrals. It would be
more correct to say that we exchange them for some parameter integrals. Our starting point is a
one-loop integral with n external legs:

/ dPk 1
inD/z (—Pl)(—Pz)...(—Pn) ’
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where the propagators are of the form

. 2
P = <k—2pj> _mi2
Jj=1

and p; are the external momenta. The small imaginary parts i0 are not written explicitly. In the
one-loop integral there are some overall factors, which we inserted for convenience: The integral
measure is now dk/(in”/?) instead of d”k/(2r)P, and each propagator is multiplied by (—1).
The reason for doing this is that the final result will be simpler.

In order to perform the momentum integration we proceed by the following steps:

1. Feynman or Schwinger parametrisation.

2. Shift of the loop momentum to complete the square, such that the integrand depends only
on k2.

3. Wick rotation.
4. Introduction of generalised spherical coordinates.

5. The angular integration is trivial. Using the definitions of Euler’s gamma and beta func-
tions, the radial integration can be performed.

6. This leaves only the non-trivial integration over the Feynman parameters.

Although we discuss here only one-loop integrals, the methods presented in this section are rather
general and can be applied iteratively to /-loop integrals.

4.2.1 Feynman and Schwinger parameterisation

As already discussed above, the only functions we really want to integrate over D dimensions are
the ones which depend on the loop momentum only through k%. The integrand of the one-loop
integral above is not yet in such a form. To bring the integrand into this form, we first convert
the product of propagators into a sum. To do this, there are two techniques, one due to Feynman,
the other one due to Schwinger. Let us start with the Feynman parameter technique. In its full
generality it is also applicable to cases, where each factor in the denominator is raised to some
power v. The formula reads:

o R TZ (5 5)
Ml = r [ (fowsr) 5

. v’
=1 (— '):1 xipi)
i=

N

1

<
[
D=

V;.
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The proof of this formula can be found in many text books and is not repeated here. The price
we have to pay for converting the product into a sum are (n — 1) additional integrations.
Let us look at a few special cases:

I
AB ~ O/dx(xA+(1—x)B)2’

1 1—x

1

— = Z/dx/d ,
ABC J , y(xA+yB+(1—x—y)C)3

1 1—x 1—x—

1
L 6/dx/d / dz :
ABCD Y (xA+yB+zC+ (1 —x—y—2z)D)*

Let us look at the example from the beginning of this section:

1 / 1 —X1—X2 —X3)
= dx1/dx2/dX3
(_k%x_k%)(_k%) —X1 k2 —)C2k2 —)C3k2)
1

1x1

1
= 2/dx1 /dXQ 3"
0 0 (—xlk]2 —xzk% —(1—x —xz)kg)

An alternative to Feynman parameters are Schwinger parameters. Here each propagator is rewrit-
ten as

1 17
Py F—/ x'“Texp(xP).
0

Therefore we obtain for our example

1 © e
= [an [dn [ dn ekt +aid k).
(=) (=) (—K3) 0/ M x20 X3 exp (x1k{ + x2k3 +x3k3)

4.2.2 Shift of the integration variable

We can now complete the square and shift the loop momentum, such that the integrand becomes
a function of k>. This is best discussed by an example. We consider again the example from
above. With k; = k1 — p12 and k3 = k» — p3 we have

2
—x1k} —x0k3 —x3k3 = — (ki —xap12 —X3p123)° — X1X2812 — X1X35123,
where 515 = (p1 + p2)? and 5123 = (p1 + p2 + p3)?. We can now define

/
ki = ki—xap12—x3p123
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and using translational invariance our loop integral becomes

dPk, 1 B
e DERIR)

dPi, S(1 —x1 —x3 —
e e
l

3
/
—k —X1X2512 —X1X3S123>

The integrand is now a function of k’lz.
Let us look at a second example:

dk 1
it 12 (k- p)*

k
Feynman parameterisation leads to

d*k d*k 1
| / da [ o
in k2 k— p

a2+ (1—a) (k= p?]”

Completing the square we find

al® 4+ (1—a) (k—p)? = K —2(1—a)kp+(1—a)p?
= [k—(1-a)p]*+a(l—a)p?,
T/

and therefore

d*k 1 d*K 1
/ln2k2k /da/ T
2 k2 +a(l-a)(-p)’]
4.2.3 Wick rotation

Having succeeded to rewrite the integrand as a function of k%, we then perform a Wick rotation,
which transforms Minkowski space into an Euclidean space. Remember, that k> written out in
components in D- dimensional Minkowski space reads

I =kg— ki — k5 — k3 —

(Here k; denotes the j-th component of the vector k, in contrast to the previous section, where
we used the subscript to label different vectors k;. It should be clear from the context what
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Im k()

!

Y

N

Figure 2: Integration contour for the Wick rotation. The little circles along the real axis exclude
the poles.

> Re k()

is meant.) Furthermore, when integrating over kg, we encounter poles which are avoided by
Feynman’s id-prescription.

i
kK2 —m?+id

In the complex ko-plane we consider the integration contour shown in fig. 2. Since the contour
does not enclose any poles, the integral along the complete contour is zero:

%dkof(ko) = 0.

If the quarter-circles at infinity give a vanishing contribution (it can be shown that this is the case)
we obtain

— oo

/oo dkof(k)) = — / dkof (ko).

We now make the following change of variables:

ko = iKo,
kj Kj fOI‘lSjSD—l.

As a consequence we have

K = —-K?
d°k = id°K,

where K? is now given with Euclidean signature:
K*> = K +Ki+K3+K3+...
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Combining the exchange of the integration contour with the change of variables we obtain for
the integration of a function f(k?) over D dimensions

dPk d°K
[t ) = [ G,

whenever there are no poles inside the contour of fig. 2 and the arcs at infinity give a vanishing
contribution. The integral on the r.h.s. is now over D-dimensional Euclidean space. This equation
justifies our conventions, to introduce a factor i in the denominator and a minus sign for each
propagator in the defintion of the basic scalar integrals. These conventions are just such that after
Wick rotation we have simple formulae.

4.2.4 Generalised spherical coordinates

We now have an integral over D-dimensional Euclidean space, where the integrand depends only
on K2. Tt is therefore natural to introduce spherical coordinates. In D dimensions they are given

by

Ky = Kcos0y,

Ki = KsinB;cos0,
KDfZ = Ksinel sineD,z COS eD,17
Kp_1 = Ksin9...sinOp_»sinBp_.

In D dimensions we have one radial variable K, D — 2 polar angles 0; (with 1 < j < D —2) and
one azimuthal angle 6p_1. The measure becomes

d°k = KPldkdQp,

where

D—1 )
dQD = sinD’l”Gi dei.
i=1

Integration over the angles yields

b T 21
. D2 - 210/
/dQ.D = /d@] sin” 91.../61'90_2811’190_2/(191)_1 = B
0 0 0 2

r(z)

where I'(x) is Euler’s gamma function. Note that the integration on the Lh.s of the equation above
is defined for any natural number D, whereas the result on the r.h.s is an analytic function of D,
which can be continued to any complex value.
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4.2.5 Euler’s gamma and beta functions

It is now the appropriate place to introduce two special functions, Euler’s gamma and beta func-
tions, which are used within dimensional regularisation to continue the results from integer D
towards non-integer values. The gamma function is defined for Re(x) > 0 by

I'x) = / e ' lar.
0
It fulfils the functional equation
'x+1) = xI(x).
For positive integers # it takes the values
I'n+1) = n!'=1-2-3-...-n.

At x = 1/2 it has the value

which can also be inferred from the relation

T
)1 — = .
()T(1 =) sinmx
For integers n we have the reflection identity
x—n) (—1)" (1 —x)
C(x) [(l1—x+n)

The gamma function I'(x) has poles located on the negative real axis at x =0, —1,—2,.... Quite
often we will need the expansion around these poles. This can be obtained from the expansion
around x = 1 and the functional equation. The expansion around € = 1 reads

n

[sS] _1 n
['(1+¢) = exp| —yee+ Z (=1 e,
n=2
where Yg is Euler’s constant

0.5772156649...

=
I
j:
=]
~
i \o
| =
|
5
S
N——
I

and {, is given by



For example we obtain for the Laurent expansion around € =0

I'(e) = é —Ye+O(g).

Euler’s beta function is defined for Re(x) > 0 and Re(y) > 0 by

1
Blry) = [r(1—oplar,
0

or equivalently by

/ 1+t x+y
0

The beta function can be expressed in terms of Gamma functions:

T)T ()

B(x.y) C(x+y)

4.2.6 Result for the momentum integration

We are now in a position to perform the integration over the loop momentum. Let us discuss
again the example from the beginning of this section. After Wick rotation we have

;o /del 1 /dDK/d3 Xl—xz—x3)
inP/2 (-k%)(—k%)( k2 nP/2 —X1X2S12—X1X35123)3

Introducing spherical coordinates and performing the angular integration this becomes

- / [, 20— m0) ()

(2
(%) (K2 — x1x2812 — X1X35123)

D=2
2

3 -

For the radial integration we have after the substitution t = K?/(—x1x2812 — X1X35123)

D-2 oo D—

K2 kS D_ °7
/dK2 ) = (—xlxzslz—x1x3s123)2 3/d —3-
K2 — x1x2812 — X1%38123)° s (141 )’

The remaining integral is just the second definition of Euler’s beta function

P rB)re-9)
/‘”(1+> G

[\)

0
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Putting everything together and setting D = 4 — 2¢€ we obtain

/del 1 B
inP/2 (k) (—k3)(—k3)
(1 +e)/d3x §(1—x1 —x2 —x3) X7 78 (—xas12 —x35123)

Therefore we succeeded in performing the integration over the loop momentum k at the expense
of introducing a two-fold integral over the Feynman parameters.

As the steps discussed above always occur in any loop integration we can combine them into
a master formula. If U and ¥ are functions, which are independent of the loop momentum, we
have for the integration over Minkowski space with dimension D = 2m — 2¢ (with m being an
integer and € being the dimensional regularisation parameter):

/a’zmzek (—k>)@  I(m+a—e)T(v—m—a+e) U™ e
i€ [_ Uk2 + T]V - F(m _ g) F(V) Fyv—m—ate’

The functions U and ¥ depend usually on the Feynman parameters and the external momenta
and are obtained after Feynman parametrisation from completing the square. They are however
independent of the loop momentum k. In the equation above we allowed additional powers
(—k?)@ of the loop momentum in the numerator. This is a slight generalisation and will be useful
later. Here we observe that the dependency of the result on a, apart from a factor I'(m + a —
€)/T'(m —€), occurs only in the combination m +a —¢€ = D/2 +a. Therefore adding a power
of (—k?) to the numerator is almost equivalent to consider the integral without this power in
dimensions D +- 2.

There is one more generalisation: Sometimes it is convenient to decompose k2 into a (2m)-
dimensional piece and a remainder:

2 2 2
ko) = Kam) K20y
If D is an integer greater than 2m we have
Kom = k=K — =Ky,
k(,ze) - _k%m T ee. T k%*l'

We also need loop integrals where additional powers of (—k%_ZS)) appear in the numerator. These
are related to integrals in higher dimensions as follows:

d2m—2€k . 1—*(’, . 8) d2m+2r—2£k
/ (_k%—%)) f(k‘ém)’k(z—zs)) - [(—¢) / e f(kgm’kz—%)'

inmfe

2

Here, f (k’ém),k({%)) is a function which depends on k2, k241, ..., kp—1 only through k(fze)'

The dependency on ko, ki, ..., kp;;,—1 is not constrained.
Finally it is worth noting that

/dZm—ZSk (_kZ)“ B (_1)al"<a—|—1), ifm—l—a—e:O,
p—— - 0, otherwise.
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4.3 Performing the Feynman integrals

Let us summarise what we learned up to now: We had the following cooking recipe for loop
integrals: In order to perform the momentum integration we proceed by the following steps:

1. Feynman parametrisation

2. Shift of the loop momentum, such that the denominator has the form (—ck2 — L)n.
3. Wick rotation

4. Introduce generalised spherical coordinates

5. The angular integration is trivial. Using the definitions of the gamma- and beta-functions,
the radial integration can be performed.

6. This leaves only the non-trivial integration over the Feynman parameters.

We may summarise steps (3) — (5) in a master formula for the integration over the momenta in
D = 2m — 2¢ dimensions:

/ d>m—2e (—k?) B 1 T(m+a—¢€)T(n—m—a-+e) UM e
(2m)2m=2i [~ Uk + F|"  (4m)mt T(m—e) I'(n) Fr-m-ate

Let us now look at a few specific Feynman integrals.

4.3.1 The one-loop tadpole

No Feynman parameterisation needed:

dPk 1
An(m?) = —16m2 2—0/
o(m’) o 2r)Pi (—k2+m?)
o 2 2¢

1
m2\ ¢
= —m?(4n)°T(—1+¢) <?)

1 2
= m?| = —ye+Indn+1 —lnm—2
£ u
~_—
A

We recall that Yg denotes Euler’s constant. It will be convenient to define

1
A = E_YE+1n4n'
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4.3.2 The one-loop two-point function

dPk 1
B2 mlm) — 1612 4—1)/
o(p”,mi,m) H 2m)Pi (=2 +m3) (—(k—p)2+m3)

1

D
:16n24D/da/dk 5 2
[—k2+a(1—a)(—p?)+am? + (1 —a)m3]

:1zze 2

a(l —a)(—p )—l—am%%—(l—a)mz]_s

= (47t)‘°'y28F(8)/da [a(1 —a)(—p?) +am? + (1 —a)m3] *
0
2_ 2

The case my = m; = 0:

Bo(p?,0,0) = (4m)%*T(e) [ dala(l —a)(~p)]”

= (4n)I(e ( ) /a’aa (1—a)™®

—p? — —
- tomre (£ "I —er(1—¢)

2 (2 2¢)
1 —p2

The case m? = m3 = m # 0:

1

Bo(p?mn) = (4% T(e) [ dala(l—a)(—p?) +n]
0

— (4n) (’::_22) EF(e)/lda {1 +a(l-a) <_m—p22)}8
_ (4R>S<M_2>_ 0/2 [l—i-a 1—a)<;1”22)}—s

(1—m>, da:4 (ib—b

With the substitution

b=4a(l—a), a=

| =
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one obtains

Bopr ) = (M) T@) [ann vy tien = L

Using

one obtains

m2\ = I'(n I
Bo(p*,m* m*) = —(4n)* (—2) (1—x)® Z I( 18))(”/6”7 b2
0

Divergent parts can only come from n = 0, therefore separate the sum into n =0 and n > 0. If
we are only interested up to the finite terms, we can set € = 0 in the n > 0 part.

u

1 m? = (1 1 ;
= (E—’YE-I-II’I“-TC—IHE—IH(I—)C))+Z Z_ﬁ>x

m2\ ° - "
Bo(p2,m2,m2) = (4m)® (—2) F(E)(l—x)_e—I—EZXi])

We further have

Z X; = _ln(l _X)7




The case m§ = m* # 0,m3 = 0:

Bo(p’.m0) = (4)%T(e) [ daa™* [(1-a)(~p?) 4] ¢

= (") e faeatear =

(%)
_ G —vg+1Indn+1—1In <m2_2p2>) +1+ 1_yln(l -)

)i
1 m? — p? "2 m2
= ——Yp+ndn+2-In{—— ) - S In( ——

€ Y HinaTE n( u ) 2n(m2_P2)

4.3.3 More general methods

More complicated integrals are one-loop integrals with more external legs as for example the
one-loop three-point function

CO(P%P%,P%am%am%”%) =
dPk 1
_16752”4_1)/ D; 22 2 2 2 2
(2m)Pi (—k +ml) (—(k—pl) —|—m2) (—(k—p] —p2) +m3)

or, in general, integrals with two or even more loops. Methods to tackle these integrals are
- Mellin-Barnes representation
- Nested sums
- Differential equations

- Sector decomposition

4.4 Tensor integrals and Passarino-Veltman reduction

We now consider the reduction of tensor loop integrals (e.g. integrals, where the loop momentum
appears in the numerator) to a set of scalar loop integrals (e.g. integrals, where the numerator is
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independent of the loop momentum). The loop momentum appears in the numerator for example
through the Feynman rules for the quark propagator

H+m
2

i
p*—m

or the Feynman rule for the three-gluon vertex

For one-loop integrals a systematic algorithm has been first worked out by Passarino and Velt-
man. The notation for tensor integrals:

dPk 1, ky, kyky

2m)Pi (k2 — ) (k+ p)2 —m3)’
2‘u4fD

Co v (P1,p2,m1,mp,m3) = 167
/ dPk 1, kyy, Ky
(21)Pi (k* —m7) ((k+ p1)> —m3) ((k+ p1 + p2)? —m3)

The reduction technique according to Passarino and Veltman consists in writing the tensor inte-
grals in the most general form in terms of form factors times external momenta and/or the metric
tensor. For example

BY = p'B;
B = p'p'Bri+g¢"Bn

' = piCi+phCin
C" = pipYCar + Php3Con+ {p1p2}V Co3 + 8"V Coa

with
{pip2}™ = pips+pirh

One then solves for the form factors By, B2y, By, Ci1, etc. by first contracting both sides with
the external momenta and the metric tensor g"V. On the left-hand side the resulting scalar prod-
ucts between the loop momentum k* and the external momenta are rewritten in terms of the
propagators, as for example

2p-k = (k+p)—k—p”.

The first two terms of the right-hand side above cancel propagators, whereas the last term does
not involve the loop momentum anymore. The remaining step is to solve for the formfactors by
inverting the matrix which one obtains on the right-hand side of equation (1).

40



P1

ky

Figure 3: An example for irreducible scalar products in the numerator: The scalar product 2p 1k,
cannot be expressed in terms of inverse propagators.

Example for the two-point function: Contraction with p,, or p,py and g,y yields

1
2

p* 1 Bai \ _ ( 3Ao(m2)+5(m5—mi—p*)B
p*> D By Ao(m2)+m%BO

Solving for the form factors we obtain

p231 = (A()(ml) —Ao(lﬂz) + (m% — m% —pz) Bo)

1
Bi =55 (Ao(m1) — Ao(m2) + (m3 —mi — p?) Bo)
1 1
By = & <2Ao(m2) —2miBy+4(m5 —mi — p*)B) + (§P2 —mj — m%))
1 1
By = 8 A()(mz) + Zm%B() — (m% — m% _pz)Bl - (§P2 - m% - m%))

Due to the matrix inversion in the lasr step Gram determinants usually appear in the denominator
of the final expression. For a three-point function we would encounter the Gram determinant of
the triangle

A3 — 4' p% Pl‘2P2
p1-p2 1]

One drawback of this algorithm is closely related to these determinants : In a phase space region
where p; becomes collinear to p;, the Gram determinant will tend to zero, and the form factors
will take large values, with possible large cancellations among them. This makes it difficult to
set up a stable numerical program for automated evaluation of tensor loop integrals.

The Passarino-Veltman algorithm is based on the observation, that for one-loop integrals a scalar
product of the loop momentum with an external momentum can be expressed as a combination
of inverse propagators. This property does no longer hold if one goes to two or more loops. Fig.
(3) shows a two-loop diagram, for which the scalar product of a loop momentum with an external
momentum cannot be expressed in terms of inverse propagators.
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5 Renormalisation

Recall: Loop diagrams are divergent !

/d“k 1 /dk21 B /‘X@
(2m)* (k2)2 — (4m)? 20 x

This integral diverges at
e k? — oo (UV-divergence) and at
e k=0 (IR-divergence).

Use dimensional regularisation to regulate UV- and IR-divergences.

Recall the scalar one-loop two-point function for m% = m% =0:

2 1 -’
Bo(p~,0,0) = E—YE—i—ln4ﬂt+2—ln—2.

u

Infrared divergences cancel by summing over degenerate states. Ultraviolet divergences are ab-
sorbed into a redefinition of the parameters. Example: The renormalisation of the coupling:

8bare = Zg + Zren -
divergent divergent finite

The renormalisation constant Z, absorbs the divergent part. However Z; is not unique: One may
always shift a finite piece from gre, to Z, or vice versa. Different choices for Z, correspond to
different renormalisation schemes. Two different renormalisation schemes are always connected
by a finite renormalisation. Note that different renormalisation schemes give numerically differ-
ent answers. Therefore one always has to specify the renormalisation scheme.

Some popular renormalisation schemes:

e On-shell subtraction: Define the renormalisation constants by conditions at a scale where

the particles are on-shell p? = m?.
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e Off-shell subtraction: For massless particles the renormalisation constants in the on-shell
scheme would contain an infrared singularity. Therefore, in the off-shell scheme one

defines the renormalisation constants by conditions at an unphysical (space-like) scale

p? = —\2. This scheme is also called momentum-space subtraction scheme.

e Minimal subtraction: The minimal subtraction scheme absorbs exactly the poles in 1/¢
into the renormaliztion constants (and nothing else).

e Modified minimal subtraction: As Euler’s constant yg and In(47) always appear in combi-
nation with a pole 1 /¢, the modified minimal subtraction absorbs always the combination

1
A = E—YE+ln47t

into the renormaliztion constants.

5.1 Renormalisation in practice

The modified minimal subtraction is popular in QCD. The Lagrange density of QCD reads

_ /. 1 a ra 1 a\2 | za a
e = oo Lot (o)

Fi = 0,A%—0dvA%+g f“”CAZAg,

D, = 9,—igT“A",
DY = 9,—gf"CAS,

The Lagrange density depends on the (unrenormalised) fields A%, v, ¢* and the (unrenormalised)
parameters g, m and §. We redefine the fields as follows:

A= JTAS, =T, @ =\ Zact.
We redefine the parameters as follows:
§=2Zs8gr, m=2Zymy, §= Z&&r = 73§,
Substituting these relations into the Lagrange density we obtain

LQCD - Lrenorm"‘£lcounterterms:

where Lienorm 18 given by Locp where all bare quantities are replaced by renormalised ones. The
counterterms are given by

Lcounterterms = = (Z2 - 1)‘1”” (ly"ay) V, — (ZQZm — 1)mrq/r\lfr

1 N
+(Z3—1) 545, (8V0% —00¥) Ay, — (Z3 — 1) cfo*ct
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3 1
= | ZeZs —1 | 8rf ™ (9, ) A A, — | ZgZa =1 | S8R AL AT ALAS,
N——~ N~~~

Z A

+ | ZeZav/Zs =1 | 0 T YA N — | ZeZ37/ 73 —1 & (e Clr’AzJ'

Z\F Z

The the various constants are not independent, but satisfy

4_4_ e _%_, p

Zy 73 V4 Z]
These are the Slavnov-Taylor-identities (or Ward-Takahashi identities). As a consequence, the
coupling constant renormalisation constant may be computed from the corrections to the three-
gluon-vertex, the four-gluon-vertex, the quark-gluon-vertex or the ghost-gluon vertex. The Slavnov-
Taylor identities guarantees that the result is the same.

5.1.1 Renormalisation of the coupling constant

Let g be the unrenormalised coupling constant, g, the renormalised coupling constant and gg the
dimensionless renormalised coupling constant. They are related by

g8 = Zggra
g = gru".
From a one-loop calculation one obtains
Zg = 1-+ (11C4 — 4TkNy) iA+0(g4) —1-1p Sk A+O(gk)
¢ 6 T (amy2 R 2™ (4m)? kI
where as usual
1
A = c —Ye + In(4m)
and the coulor factors are
N?—1 1
Cs=N, Cr= TR = —-.
AT TN R
By is given by
11 4
= —Cy— =TrN+.
Bo 3 Ca— 3 TelNy
The unrenormalised coupling constant g is of course independent of u:
d
Ze = 0
d,ug
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Therefore
d
—(Z.ut
udy( SU"gR)
d d d
s Z € e € Z e Z £
udy( )M SREHG (1) ssrtig (8r) Zo

Let us define

d
Ber) = Ho -8R
u
Then
d d
— _ —Sz—l el € Z _ —Sz—] el
B(gr) oz, udu(u) W8R Ty

4, d
= —E&gr— (Zg 1.Ud—yzg> 8R-

(Zy) 18R

Note that the first coefficient of the B-function is calculated as follows:

d d 1
Z\u—z, = Z;'lu—(1-=
s Hap™s = % “du< 2P lanp2

- : ((_4%@ gR,UigR

du
z," ((:&0?) 8r (—€8r)

Therefore

B(gr) = H a8k = TE8R— Bo an)?

As usual denote

We then have
du? " 27du " 4n du

= g—i <—88R - Bo(f—;})z)

2
gRA

)



Going to D = 4 we have therefore

or by

O(u) (o) 1
4m 4T 1+OCSAE¢:[0)BOIH<Z_§)

depending on the preferred choice of boundary condition (A or o (up))-

5.1.2 Mass renormalisation

As an example we consider massive quarks. The quark self-energy is given by the following
diagram:

ko

dPk i

e QC/ . o

l 8 LF (2n)DlYp]¢] _ml’Yp k(z)
2 2

- it {(1 —¢) L%Ao(mz) - (1 + %) Bo(pz,mz,O)} +4m (1 - %e) BO(P27m270)}

(4m)
— —i{Af +Bm)
Resummed:
i i i i i 77 i 1 i
e e e e IR (T
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Modified minimal subtraction
We have for the resummed propagator

[ i i

p—m—X y—m—(Ag+Bm) (1-A)pg—(1+B)m
| i i(144)

0-AJ—(0+A+Bm J—(1+A+LBm’

Let
m = Zymy,

where m denotes the unrenormalised mass, Z,, the renormalisation constant and m, the renor-
malised mass. We require that

Zn(14+A+B) = finite,

therefore
Zm = 1—(A+B)g,
We have
(A+B) £ ¢ {1A( 2) (1+m2)3(2 2.0) + 4By (p? 20)}
i = T —HLlFy 4a0m ) — 5 o\p ,m-, o\p ,m-,
div (47’5)2 p2 p2 div
£ ¢ {1A( 2)+(3 m2)B( 2 20)}
= F N >A0m Y o\p ,m-,
(" »? "
2 2 2
g m m
= ——Cr<s— 3—— ) rA
(4m)? F{p2 +( pz)}
2
8
= 3——CFrA.
(4m2 ™"
Therefore we find that at one-loop-order Z,, is given by
8R 4
Zn = 1-3C A+O .
m F(4TC)2 + (gR)
The anomalous dimension is defined by
Y1 M dZn
Zn du

Expand 7y in powers of a; = o/ (47):
R (%)ﬁ
Vo= You TG
= ’yoas—I—yla?-l—...
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The first coefficients is then given by

Yo = 6Cr
The running mass:
d
“m = 0
Therefore
d 1 1«
2 S
W™ = mYime == g
With
d os\2 d
2 4 _ s
M B°(4n> d%
we find
Yo
o = —m,.
SdOCsmr 2[30mr
Therefore

The on-shell scheme

Recall that we had for the resummed propagator
i
J—m—%
with
L = AP +B(p*)m
Note that A(p?) and B(p?) are functions of p?. Expand X:

0
X)) = Xl + W —m) @E +..
Z/d_mr
Then

i i

H—my—LX 0 —my— (g —mp)X +my—mo—X|,,

(1 =X) (¢ —my)+ (my—mo—Xlm,)’

=0
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On-shell condition:

with mg = Z,,,m,:

Then
i i(1+)
g —my—X g—m

Calculation of X|,_,, :

Yy, = A )m+B(m*)m,  p =m+(f —m)
can be neglected

_ & {(1 —¢) {%Ao(mz) - 230(m27m270)} m-+4m (1 - %8) Bo(mz,mz,o)}

(4m)?
With
2
Ao(m2> = m2 (A+ 1 —ln —2) 3
u
2
Bo(m*,m*,0) = A+2-In’%,
u
one finds
2 2 2
g m 3 m
2 2
g m
= ——Cp<3A+4—-3In— ,.
" lamy? F{ " “uz}
Therefore

1 o 2
Zy = 1= —%|p =1-2Cp (3A+4—3lnm—2) .
m, 4 u

Calculation of X':
o= = G B
o |jem W J=m,

= A(m?) +l/% A(p?) ’,j:m, +m% B(p?) ‘d:mr
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P op?
0 0

— A(mz)+2m2a—p2A(p2)}p2_m2+2mza—pz B(pz)’p2_m2+ ) H/:m—f—(ﬁ/_m)
0

= A(m2)+2m28—p2 (A(p2)+B(p2))’p2:m%

We keep the Feynman parameter integral, differentiate, do the integral and expand in the end in
€:
2 2
g 3 m
Y = 2=Cr(—>+3v—3In4n—4+3In—
e (3t -3men— 43 )
The propagator is a two-point Green function
Ga(p) ~ (0[Twy|0)

Under field renormalisation

v = V2,
we have
2
GZ(p)bare = (\/Z_Z) G2<p)r
Therefore
iz (1+Y)
G = 2
2(p)r l?l_mr

The residue of the propagator has to be 1, therefore

2
o
Z = 14Y =14+2Cp <—3A—4—i—3lnm—2).
47 u
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5.2 Renormalisation to all orders
5.2.1 Power counting

The superficial degree of divergence is given by

d-1+Y 8, —2ng—np
v

where d is the dimension of space-time, [ is the number of loops, 9, is the number of momentum
factors at the vertex v in the diagram G, np is the number of internal boson lines and nr is the
number of internal fermion lines.

Power counting theorem: The Feynman integral I for the diagram G is absolutely convergent if
the superficial degree of divergence is negative for all subdiagrams H of G (including the case
H = G).

Nested, overlapping and disjoint

If a diagram H; is completely included in H; as a subdiagram (H; C H,) we say that H| is nested
in H,. If they are not included in each other but have common internal lines and vertices, they are
said to overlap. The union H; U Hj is called the overlapping diagram. If they are neither nested
in each other nor overlapping (H; N Hy = 0), they are said to be disjoint.

Renormalizability

The BPHZ-method (Bogoliubov and Parasiuk, Acta Math 97, 1957, 227; Hepp, Comm. Math.
Phys. 2, 1966, 301; Zimmermann, Comm. Math. Phys. 15, 1969, 208): In dimensional regular-
izion a Feynman diagram is given as a Laurent series

Ic = i (lij
f

where [ is a positive integer less or equal the number of loops in G. Define an operator 7 for a
diagram, which picks out the divergent part, by

—1
Tl = Z ajﬁj
=1

Define Bogoliubov’s R-operation by

Re = (1-Tg) [] (1 —Tn)
Hed

where @ is a set of all one-particle irreducible subdiagrams H of G, which are superficially diver-
gent. A one-particle irreducible (or proper) subdiagram H of G, which is superficially divergent
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is also called a renormalisation part. If Hy C H; the order is such that 1 — 7y, comes to the right
of 1 — THz'

Lemma on overlapping divergences: If two renormalisation parts H; and H, of G overlap with
each other, we have

(1- THIZ)THI Th, = 0

for all suitable renormalisation parts Hj> of G which includes both H; and H, as subdiagrams.

5.2.2 Hopf algebras

Let R be a commutative ring with unit 1. An algebra over the ring R is a R-module together with
a multiplication - and a unit e. We will always assume that the multiplication is associative. In
physics, the ring R will almost always be a field K (examples are the rational numbers Q, the
real numbers R or the complex number C). In this case the R-module will actually be a K-vector
space. Note that the unit can be viewed as a map from R to A and that the multiplication can
be viewed as a map from the tensor product A ®A to A (e.g. one takes two elements from A,
multiplies them and gets one element out).

A coalgebra has instead of multiplication and unit the dual structures: a comultiplication A
and a counit é. The counit is a map from A to R, whereas comultiplication is a map from A to A ®
A. Note that comultiplication and counit go in the reverse direction compared to multiplication
and unit. We will always assume that the comultiplication is coassociative. The general form of
the coproduct is

Aa) = Ya"wd?,

where a. enotes an element o appearing 1n the first slot o ®A and a:’ correspondin
here a") d 1 f A appearing in the first slot of A® A and a.” pondingly

denotes an element of A appearing in the second slot. Sweedler’s notation consists in dropping
the dummy index i and the summation symbol:

The sum is implicitly understood. This is similar to Einstein’s summation convention, except
that the dummy summation index i is also dropped. The superscripts (1) and @ indicate that a
sum is involved.

A bialgebra is an algebra and a coalgebra at the same time, such that the two structures are
compatible with each other. Using Sweedler’s notation, the compatibility between the multipli-
cation and comultiplication is expressed as

Aa-b) = (a(l) .b(1)> Q (a(2) .b(2)> .

A Hopf algebra is a bialgebra with an additional map from A to A, called the antipode .S,
which fulfills
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Examples of Hopf algebras
The group algebra

Let G be a group and denote by KG the vector space with basis G. KG is an algebra with the
multiplication given by the group multiplication. The counit € is given by:

e(g) = 1
The coproduct A is given by:
Alg) = g®g.
The antipode S is given by:
S = g

KG is a cocommutative Hopf algebra. KG is commutative if G is commutative.

Lie algebras

A Lie algebra g is not necessarily associative nor does it have a unit. To overcome this obstacle
one considers the universal enveloping algebra U (g), obtained from the tensor algebra T'(g) by
factoring out the ideal

XQY-Y®X—[X,Y],
with X,Y € g. The counit ¢ is given by:
ele)=1, ¢eX)=0.
The coproduct A is given by:
Ale)=e®e, AX)=XQe+e®X.

The antipode S is given by:



Quantum SU(2)

The Lie algebra su(2) is generated by three generators H, X1 with
[H, Xy =+2X., [X,,X_|=H.

To obtain the deformed algebra U, (su(2)), the last relation is replaced with

gt —q "

X, X ] = .
- qg—q7!

The undeformed Lie algebra su(2) is recovered in the limit ¢ — 1. The counit € is given by:

The coproduct A is given by:

The antipode S is given by:

Shuffle algebras

Consider a set of letters A. A word is an ordered sequence of letters:
w = l] lz...lk.

The word of length zero is denoted by e. A shuffle algebra A4 on the vector space of words is
defined by

(b)) (hgrlr) = Y lsylo)--lo(r),

shuffles O

where the sum runs over all permutations ¢, which preserve the relative order of 1,2, ..., k and of
k+1,...,r. The counit ¢ is given by:

é(e) =1, e_(lllz...ln) =0.

The coproduct A is given by:

k
A(lllz...lk) = Z(lj+l~~~lk)®(ll---lj)~
=0

The antipode S is given by:

Shb..ly) = (=DfLl_y..bl.
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Figure 4: An element of the shuffle algebra can be represented by a rooted tree without side-
branchings, as shown in the left figure. The right figure shows a general rooted tree with side-
branchings. The root is drawn at the top.

Rooted trees

Consider a set of rooted trees (fig. 4). An admissible cut of a rooted tree is any assignment of
cuts such that any path from any vertex of the tree to the root has at most one cut. An admissible
cut maps a tree # to a monomial in trees f; X ... X t,41. Precisely one of these subtrees #; will
contain the root of #. We denote this distinguished tree by R¢(¢), and the monomial delivered by
the n other factors by P¢(t). The counit & is given by:

e(e) =1, e(t)=0 fort #e.
The coproduct A is given by:

Ale) = e®e,
Alt) = t®etet+ Y. P(t)®R().

adm. cuts C of t

s = —t— Y 5<Pc(t)>xRC(t).

adm. cuts C of 1

5.2.3 Renormalisation revisited

Short-distance singularities of the perturbative expansion of quantum field theories require renor-
malisation. The combinatorics involved in the renormalisation is governed by a Hopf algebra.
The model for this Hopf algebra is the Hopf algebra of rooted trees (fig. 5 and 6).

Recall the recursive definition of the antipode:

S = —t— Y 5<Pc(t)>><RC(t).

adm. cuts C of

The antipode satisfies
m[(S®id)A()] = 0,
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Figure 6: Overlapping singularities yield a sum of rooted trees.

where m denotes multiplication:
m(a®b) = a-b.

Let & be an operation which approximates a tree by another tree with the same singularity
structure and which satisfies the Rota-Baxter relation:

R(tn)+R ()R (2) = R(OR(02))+R(R(1)n2).
For example, minimal subtraction (MS)
) —1
K < Z Ck8k> = Z CkSk
k=L k=L

fulfills the Rota-Baxter relation. To simplify the notation, I drop the distinction between a Feyn-
man graph and the evaluation of the graph. One can now twist the antipode with & and define a
new map

Sg(t) = —ﬂ((H— Y 5R(PC(;)>><RC(;)).

adm. cuts C of ¢

From the multiplicativity constraint it follows that

Sg (ht2) = Sg (1)Sg (12).

If we replace $ by S we obtain

m[(Sg ®id)A(r)] = finite,
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since by definition S differs from § only by finite terms. The formula above is equivalent to the
forest formula. It should be noted that & _is not unique and different choices for X correspond to
different renormalisation prescription.
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6 Mathematical structures of loop integrals

Recall: Shuffle algebras Consider a set of letters A. A word is an ordered sequence of letters:
w = lllz...lk.

The word of length zero is denoted by e. A shuffle algebra A4 on the vector space of words is
defined by

(hbed) - (esrlr) = Y lsylo)lo(r);

shuffles O

where the sum runs over all permutations ¢, which preserve the relative order of 1,2, ..., k and of
k+1,...,r. The counit ¢ is given by:

é(e) =1, é(l]lz...ln) =0.
The coproduct A is given by:

k
Ahl. ) =Y (L) @ (1)

j=0
The antipode S is given by:
Shb..ly) = (=DfLix_y..bl.

Recall: Feynman- and Schwinger parameterisation.

n 1 /1 5 <1 — i xi)
H v = (del Vz_l> n—;lv’
i=1 <_Pl) O i=1 (_ Z xiPi)

i=1

fire

1 / 1 — X1 — X2 —X3)
= dxl/dxz/dX3
<_k%) <_k%) <_k%) —X1 k2 —)C2k2 —)C3k2)
1

lx]

1
== 2/dx1 /d)CQ 3"
0 0 (—xlk]2 —xzk% —(1—x —xz)kg)

An alternative to Feynman parameters are Schwinger parameters. Here each propagator is rewrit-
ten as

1 [e]
(_ P = F—/ “Lexp(xP).
0
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P1

ky

Figure 7: An example for irreducible scalar products in the numerator: The scalar product 2p 1k,
cannot be expressed in terms of inverse propagators.

Therefore we obtain for our example

o)

1 oo (oo}
5 5 = /dxl /de/dxg exp (xlk%—l—xzk%‘i‘xSk%)-
(RR)=R) LT

Recall: Tensor reduction at one-loop with Passarino-Veltman algorithm:
2p-k = (k+p)—k—p”.

The Passarino-Veltman algorithm is based on the observation, that for one-loop integrals a scalar
product of the loop momentum with an external momentum can be expressed as a combination
of inverse propagators. This property does no longer hold if one goes to two or more loops. Fig.
(7) shows a two-loop diagram, for which the scalar product of a loop momentum with an external
momentum cannot be expressed in terms of inverse propagators.

Recall: If U and ¥ are functions, which are independent of the loop momentum, we have for
the integration over Minkowski space with dimension D = 2m — 2€:

/ A%k (—k*)@ _ D(m+a—g)T(v—m—a+e) U
"¢ [—ukr+F]"  T(m—¢) I'(v) Fy-m—ate’

6.1 General tensor integrals

Let us now consider a tensor integral. After the change of variables for the diagonalisation of
the quadratic form, we have a polynomial in the Feynman or Schwinger parameters and the
loop momentum k in the numerator. Integrals with an odd power of a loop momentum in the
numerator vanish by symmetry, while integrals with an even power of the loop momentum can
be related by Lorentz invariance to scalar integrals:

Pk . 1 [ d°% 5
/inD/zkyk ) = ;¢ inD/Zk f(k7),
uv _poc up Vo UG VP de k2 2 k2
(88" +8"g" +£"°8™) | 5 (k) f(K7).
inP/

D
k
/ TR k8 £ (12)

D)2 D(D+2)
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The generalisation to arbitrary higher tensor structures is obvious. From the master formula:
a factor k? in the numerator is equivalent (appart from prefactors) to a shift in the dimension
D — D+2. Let us introduce an operator D™, which shifts the dimension:

dPk d (D+2) k
D+/'sz(k2) :/' 22f(k2)
inP/ in(P+2)/
Shifting the loop momentum like in X’ = k — xp introduces the (Feynman or Schwinger) param-
eters x; in the numerator. For the tensor reduction it is convenient to work temporarily with
Schwinger parameters. Recall:

1 I
i)y = Wo/dxx Lexp(xk?).

A Schwinger parameter x in the numerator is equivalent to raising the power of the original
propagator by one unit: v — v+ 1. It is convenient to denote by i* the operator, which raises the
power of propagator i by one.

Lo,
(—k)" (-2

All Schwinger integrals are rewritten in terms of these scalar integrals. Therefore, using an
intermediate Schwinger parametrisation, we have expressed all tensor integrals in terms of scalar
integrals. The price we paid is that these scalar integrals involve higher powers of the propagators
and/or have shifted dimensions. Each integral can be specified by its topology, its value for the
dimension D and a set of indices, denoting the powers of the propagators. In general the number
of different integrals is quite large.

Vii+

1 ’ Vi—l 2
VT = ) /dxi x; xiexp(xik”).
0

6.2 Expansion of transcendental functions

To eliminate powers of the loop momentum in the numerator one can trade the loop momentum
in the numerator for scalar integrals (e.g. numerator = 1) with higher powers of the propagators
and shifted dimensions:

/ dZm—ZSkl 1
@ (@) ()" ()™

In the second step an integral of type (1) is now converted into an infinite sum. Introducing
Feynman parameters, performing the momentum integration and then the integration over the
Feynman parameters one obtains

/d2m2‘°~k1 1 1 1
imne (=1 (—k3)V2 (—k3)Vs
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—e— I'(vioz — €)
= (_p%%)m E—Vi23 F(( 123 m+ /d a’r l a)V3—1

% /db bm—S—V23—l(1 _b)m—S—Vl—] [1 —(l(l _x)]m—S—V123

)m787v123 1 I'(m—e—v)T'(m—g—vy)
I'(vi)[(va) [(2m—2e—vi23)
> I I'(n—
y Z (n-l—r\(/z) (1n m—|-£+V123) (1_x)n,
=0 n+ I(n+vy)

(_p%23

where x = p%z/p%m, V23 =V +V3 and Vi3 = Vi + V2 + V3. To arrive at the last line of (1) one
expands [1 —a (1 —x)]" *7V12 according to

(-2 — 1 iF(Z—l—c)Zn'

Then all Feynman parameter integrals are of the form
1
I'(u)I(v
/daa,u—l(l_a>v—l — (:u) ( )

The infinite sum in the last line of (1) is a hypergeometric function, where the small parameter €
occurs in the Gamma-functions:

2F1 (Vo, —m+€+V123;V03;1 —x) =
F(V23) i F(n +V2)F(n—m—|—£+\/123)
C(vo)T(—m+e+vi23) = C(n+1)[(n+va3)

(1—x)",

6.3 Nested Sums

In this section I review the underlying mathematical structure for the systematic expansion of
transcendental functions like the hypergeometric function in (1). I discuss properties of particular
forms of nested sums, which are called Z-sums and show that they form a Hopf algebra. This
Hopf algebra admits as additional structures a conjugation and a convolution product. Z-sums
are defined by

xil xik
Z(nymy,.c,mg; Xy, .., Xg) = —,111—:;](
n>ip>iy>.. >i >0 ! Uk

k is called the depth of the Z-sum and w = mj + ... + my is called the weight. If the sums go to
Infinity (n = o) the Z-sums are multiple polylogarithms:

Z(oosmy .,y X1, .o Xk) = Ly (X1, 000, Xk).
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For x; = ... = x; = 1 the definition reduces to the Euler-Zagier sums:
Z(nymy,...,my;1,..,1) = Zy, o m(n).

For n = oo and x; = ... = x; = 1 the sum is a multiple {-value:
Z(osmyy.coymy; 1,..01) = C(my,...,my).

The multiple polylogarithms contain as the notation already suggests as subsets the classical
polylogarithms Li,(x), as well as Nielsen’s generalised polylogarithms

Spp(x) = Li x,1,...,1),
n,p (%) nt1 1,10 1 )
e

and the harmonic polylogarithms
Hml,...,mk<x) - Limly,.,ymk(.x,l,...,l ,
k—1

The usefulness of the Z-sums lies in the fact, that they interpolate between multiple polyloga-
rithms and Euler-Zagier sums.
In addition to Z-sums, it is sometimes useful to introduce as well S-sums. S-sums are defined

by
i ik
X X
. . _ 1 k
S(nymy, ..., X1, X)) = Z S o
n>iy>ip>.. i >1"1 k
The S-sums reduce for x; = ... = x; = 1 (and positive m;) to harmonic sums:

S(nymy,..m1,..,1) = Sy m (n).

The S-sums are closely related to the Z-sums, the difference being the upper summation boundary
for the nested sums: (i — 1) for Z-sums, i for S-sums. The introduction of S-sums is redundant,
since S-sums can be expressed in terms of Z-sums and vice versa. It is however convenient to
introduce both Z-sums and S-sums, since some properties are more naturally expressed in terms
of Z-sums while others are more naturally expressed in terms of S-sums.

The Z-sums form an algebra. The unit element in the algebra is given by the empty sum

e = Z(n).

The empty sum Z(n) equals 1 for non-negative integer n. Before I discuss the multiplication rule,
let me note that the basic building blocks of Z-sums are expressions of the form

x;?

.9
n"mi
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which will be called “letters”. For fixed n, one can multiply two letters with the same n:

o ()"

nm pn2 - nmitny’

e.g. the x;’s are multiplied and the degrees are added. Let us call the set of all letters the alphabet
A. As a short-hand notation I will in the following denote a letter just by X; = x;l /n™i. A word is
an ordered sequence of letters, e.g.

W = X1,X,... Xk

The word of length zero is denoted by e. The Z-sums defined in (1) are therefore completely
specified by the upper summation limit n and a word W. A quasi-shuffle algebra 4 on the
vectorspace of words is defined by

eoW = Woe=W,
(X1, W) o (X2,W2) = Xi,(Wio(Xo,W2)) +Xo, ((X1,W1) o W3)
+(X1-X2), (Wi oW,).
Note that “-” denotes multiplication of letters as defined in eq. (1), whereas “o” denotes the

product in the algebra 4, recursively defined in eq. (1). This defines a quasi-shuffle product for
Z-sums. The recursive definition in (1) translates for Z-sums into

n
1 :
= Z Wzmz 7mk(ll 1>Zm’ ..... m’(” - 1)
i1=1 I
|
+ Z Wzml 77777 mk(iZ - 1>Zm’ 77777 m/(lz - 1)
=1 l21

n
1 . .
+ZWZ"12 77777 mk(l_ 1)Zm’2,4.4,m;(1_ 1)

i=11
The proof that Z-sums obey the quasi-shuffle algebra is sketched in Fig. 8. The outermost sums
of the Z-sums on the 1.h.s of (1) are split into the three regions indicated in Fig. 8. A simple
example for the multiplication of two Z-sums is
Z(nymy;x1)Z(nymy;x) =
Z(nymy,ma;x1,x2) + Z(n3ma,mi;x2,x1) +Z(nsmy + mo;x1x2).
The quasi-shuffle algebra A is isomorphic to the free polynomial algebra on the Lyndon

words. If one introduces a lexicographic ordering on the letters of the alphabet A, a Lyndon word
is defined by the property

W<V

63



Figure 8: Sketch of the proof for the multiplication of Z-sums. The sum over the square is
replaced by the sum over the three regions on the r.h.s.

for any subwords U and V such that W = U, V. Here U,V means just concatenation of U and V.

The Z-sums form actuall a Hopf algebra. It is convenient to phrase the coalgebra structure in
terms of rooted trees. Z-sums can be represented as rooted trees without any sidebranchings. As
a concrete example the pictorial representation of a sum of depth three reads:

n o ii—lip—1 xil xiz xi3 X1
. . _ 1 2 3 _
Z<n’m17m27m3’x17x27'x3) - Z Z Z r.my ;. nmp 5 _ms3 - x2
i A | %) 37"
i1=lib=1i3=1
X3

The outermost sum corresponds to the root. By convention, the root is always drawn on the
top. Trees with sidebranchings are given by nested sums with more than one subsum, for exam-

ple:
n xi X1
Z#Z(i—l;mz,XQ)Z(i—l;m3;X3> =
i:ll : X2 X3

Of course, due to the multiplication formula, trees with sidebranchings can always be reduced to
trees without any sidebranchings. The coalgebra structure is now formulated in terms of rooted
trees. I first introduce some notation how to manipulate rooted trees, following the notation of
Kreimer and Connes. An elementary cut of a rooted tree is a cut at a single chosen edge. An
admissible cut is any assignment of elementary cuts to a rooted tree such that any path from any
vertex of the tree to the root has at most one elementary cut. An admissible cut maps a tree ¢ to a
monomial in trees 71 o ... of; 1. Note that precisely one of these subtrees 7; will contain the root
of ¢. Denote this distinguished tree by RC(¢), and the monomial delivered by the k other factors
by PC(t). The counit & is given by

N

() = 1,
e(t) = 0, t#e.

The coproduct A is defined by the equations

Ale) = e®e,
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Alt) = ext+t@e+ Y PY(1)®RY(1),

adm. cuts C of ¢

A(tjo...oty) = A(t1)(o®o0)...(0c®0)A(t).
The antipode S is given by
5(6) = €
S@) = 1= ¥ S(F0)or ),
adm. cuts C of 1
S(t1o...oty) = S(t1)o...085(t).
Since the multiplication in the algebra is commutative the antipode satisfies
$? = id
Let me give some examples for the coproduct and the antipode for Z-sums:
AZ(nymy;x1) = e®Z(mymysxi) +Z(nsmysx) Qe,
AZ(nymy,mp;x1,x2) = e®Z(nymy,mp;x1,x2) +Z(nymy,mp;x1,x2) ®e
+Z(nymp;x2) @ Z(n;my;x1),

SZ(nymyzx1) = —Z(nsmy;xy),
SZ(n;my,my;x1,x2) = Z(nymy,my;x2,x1) +Z(n;my +mo;x1x2).

The Hopf algebra of nested sums has additional structures if we allow expressions of the form
x}’l
0 . .
%Z(n,ml, ey MES Xy ey XE)

e.g. Z-sums multiplied by a letter. Then the following convolution product

n—1 X n—i
m

) Y

Z(i—1;... =i

Zin—i—1;...)

~

i=1

can again be expressed in terms of expressions of the form (1). An example is

(n—1)

X_"[z<n_1;1,1,1;X,f,X) +z(n—1;1,1,1;X,1,5)
n X'y x x 'y

—I—Z(n—l;l,l,l;l,X,l)] Fxoy).
X

n—1 i n—
Y SZi(i—-1) 2—Zi(n—i—1) =
i=1 !

In addition there is a conjugation, e.g. sums of the form

) ( ’: ) (—1)’ l%iS(i;...)

i=1
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can also be reduced to terms of the form (1). Although one can easily convert between the
notations for S-sums and Z-sums, expressions involving a conjugation tend to be shorter when
expressed in terms of S-sums. The name conjugation stems from the following fact: To any func-
tion f(n) of an integer variable n one can define a conjugated function C o f(n) as the following
sum

cortn) = ¥ (1) -1so

i=1
Then conjugation satisfies the following two properties:

Col = 1,
CoCofn) = f(n).

An example for a sum involving a conjugation is
< n i X! .
—Z< | )(—1> ~8ii) =
i1\ ! !

1
Sin 1,151 —x,——
(n xl

—X

)—S(n;l,l;l—x,l).

Finally there is the combination of conjugation and convolution, e.g. sums of the form

n—i

_;] < ; ) (—1) f_;sa;...) hsm—i;...)

can also be reduced to terms of the form (1). An example is given by

—nzl ( g ) (—1)" S(i:1:x) S(n— i3 1;y) =

i=1
%{S(n;l;y)ﬂl —x)" [S (mhﬁ) ) <n;1;i_;§>] }
+(—;)” {S(n;l;x)—i—(l —y)" [5 <n;1;1_%> -S <n1g>] }
y y

6.4 Expansion of hypergeometric functions

In this section I discuss how the algebraic tools introduced in the previous section can be used to
solve the problems outlined at the end of Sect. 6.2. First I give some motivation for the introduc-
tion of Z-sums: The essential point is that Z-sums interpolate between multiple polylogarithms
and Euler-Zagier-sums, such that the interpolation is compatible with the algebra structure. On
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the one hand, we expect multiple polylogarithm to appear in the Laurent expansion of the tran-
scendental functions (1), a fact which is confirmed a posteriori. Therefore it is important that
multiple polylogarithms are contained in the class of Z-sums. On the other the expansion param-
eter € occurs in the functions (1) inside the arguments of Gamma-functions. The basic formula
for the expansion of Gamma-functions reads

T(n+e)=T(1+&)(n) [1+eZ(n—1)+&Z(n—1)
—|-€32111(n— 1) + ... —1—8”_]Z11m1(n— 1)} ,

containing Euler-Zagier sums for finite n. As a simple example I discuss the expansion of

i F(i—l—(ll +t1£)F(i+a2+t28)xi
= F(i—l— 1)F(i—|—a3—|—t38)

into a Laurent series in €. Here a;, a> and a3 are assumed to be integers. Up to prefactors the
expression in (1) is a hypergeometric function »F;. Using I'(x + 1) = xI"(x), partial fractioning
and an adjustment of the summation index one can transform (1) into terms of the form

i i+ t18 —l—l‘zS) xt
= F —I— t38) in’

where m is an integer. Now using (1) one obtains

I(1+e i l+enZi(i—1)+.. )(1—|—€t221(i—1)—|—...)x_i
-1 (1+€t3Zl(i—1>+...> im’

Inverting the power series in the denominator and truncating in € one obtains in each order in €
terms of the form

- . .
Z W 1)Zm’1...m;(l_ 1)Zm’1’...m§{(l_ 1)

Using the quasi-shuffle product for Z-sums the three Euler-Zagier sums can be reduced to single
Euler-Zagier sums and one finally arrives at terms of the form

oo i

X .
Zlmzml k(l_1)7

=1

which are harmonic polylogarithms Hyy, ;... m, (x). This completes the algorithm for the expan-
sion in € for sums of the form (1). Since the one-loop integral discussed in (1) is a special case
of (1), this algorithm also applies to the integral (1). In addition, this algorithm shows that in the
expansion of hypergeometric functions jFy(ay,...,as+1;b1,...,by;x) around integer values of
the parameters a; and b; only harmonic polylogarithms appear in the result.
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Let me come back to the example of the one-loop Feynman integral discussed in Sect. 6.2.
Forvi =vy =v3=1and m =2 in (1) one obtains:

/d4—2€k1 1 1 1
in?t (—k7) (—k3) (—K3)

I'(—e)I'(1—¢)I'(1 —p?
( 8)1“((1_82)g)< +e) ( Plni)x n;lgn_lle"vl(l_x)'

—1—¢

(o)

Here, all harmonic polylogarithms can be expressed in terms of Nielsen polylogarithms, which
in turn simplify to powers of the standard logarithm:

(="

n.

Hy  1(1-x) = Soa(l1—x)=
——

n

(Inx)".

This particular example is very simple and one recovers the well-known all-order result

(1 —€)°T(1 +€) (—phy) | 1-x°
I(1—2e) e2 1—x’

which (for this simple example) can also be obtained by direct integration.

6.5 The integral representation of multiple polylogarithms

The multiple polylogarithms are special cases of Z-sums. They are obtained from Z-sums by
taking the outermost sum to infinity:

Z(oosmy ..., My X1, .oy Xk) = Ly (X1, 00, X5).

Being special cases of Z-sums they obey the quasi-shuffle Hopf algebra for Z-sums. Multiple
polylogarithms have been defined in this article via the sum representation (1). In addition, they
admit an integral representation. From this integral representation a second algebra structure
arises, which turns out to be a shuffle Hopf algebra. To discuss this second Hopf algebra it is
convenient to introduce for z; # 0 the following functions

y k-1
dn dty dry,
G(Zl,...,zk;y) = .. .
, t1—Z1 t2—Z2 T — 2k

In this definition one variable is redundant due to the following scaling relation:

G(z1yzi5y) = G(XZ1y.ee, X743 XY)

If one further defines



then one has

d

d—yG(m,---,Zk;y) = g(z1:y)G(z2,...,7:Y)

and
y
G(z1,22, -y 23Y) = /dtg(zl;t)G(zz,...,zk;t).
0

One can sligthly enlarge the set and define G(0, ...,0;y) with k zeros for z; to z; to be

1 k
G(0,..,07) = - (Iny)"
This permits us to allow trailing zeros in the sequence (zj,...,z;) by defining the function G
with trailing zeros via (1) and (1). To relate the multiple polylogarithms to the functions G it is
convenient to introduce the following short-hand notation:

Gmy,..m (21, z5y) = G(0,...,0,z1,...,2k—1,0...,0,2%;y)
S~—— N~~~
mlfl mkfl

Here, all z; for j =1, ...,k are assumed to be non-zero. One then finds

. 1 1 1
lel»umk(xl?“'vxk) = <_1)ka17-~~vm" <_, ,M’XI Xk;l).

The inverse formula reads

. <1 Zk—1
Gm1 ..... mk(zl7"'7zk;y) = (_1)kle1,...,mk (la_w“v—)'

Eq. (1) together with (1) and (1) defines an integral representation for the multiple polyloga-
rithms. To make this more explicit I first introduce some notation for iterated integrals

A A I 15
0...0 = X ... X
t—ay r—a th—ayJ th—1—an—1 nH—a
0 0 0 0
and the short hand notation:
A m A
/ dt dt /dl‘ dt dt
—0 | — = —o0..—o0 .
t t—a t t t—a
0 0 ~———
m tImes
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The integral representation for Liy, . m, (%%, ...,Xx1) reads then

1
, dt \" ' ar
L1m17~~~7mk<xlv "'7xk) = (_1)k/ <_O)
r—by
0

t

dr \"™ ' dr dr \" ' dr
(@] —O0 O0...0 —O0 —
t t—by t t—Dby

where the b;’s are related to the x;’s

1

by = —.
X1X2...Xj

From the iterated integral representation (1) a second algebra structure for the functions G(zy, ..., zx;y)
(and through (1) also for the multiple polylogarithms) is obtained as follows: We take the z;’s as
letters and call a sequence of ordered letters w =71, ..., zx @ word. Then the function G(zy, ..., zx;y)

is uniquely specified by the word w = z1, ...,z and the variable y. The neutral element e is given

by the empty word, equivalent to

GGiy) = L
A shuffle algebra on the vector space of words is defined by
eow = woe=w,
(z,wi)o(z2,w2) = z1,(wio(z2,w2)) +22,((21,w1) ow2).

Note that this definition is very similar to the definition of the quasi-shuffle algebra (1), except
that the third term in (1) is missing. In fact, a shuffle algebra is a special case of a quasi-shuffle
algebra, where the product of two letters is degenerate: X; - X, = 0 for all letters X; and X3 in
the notation of Sect. 6.3. The definition of the shuffle product (1) translates into the following
recursive definition of the product of two G-functions:

G(Z],---,Zk;y) X G(Zk+],---,Zn;y) =
y

dt
/ G(ZZ,-~-7Zk§t)G(Zk+l,~-~aZn;t>
t—2z1
0
y

dt
+/ G(Zh"'7Zk;t)G(Zk+27"'7Zn;t)
o I —Zk41

For the discussion of the coalgebra part for the functions G(zy,...,zx;y) we may proceed as
in Sect. 6.3 and associate to any function G(z1,...,2;y) a rooted tree without sidebranchings as
in the following example:

2
G(z1,22,235Y) = 12
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The outermost integration (involving z;) corresponds to the root. The formulae for the coproduct
(1) and the antipode (1) apply then also to the functions G(z1, ..., zx; ).

A shuffle algebra is simpler than a quasi-shuffle algebra and one finds for a shuffle alge-
bra besides the recursive definitions of the product, the coproduct and the antipode also closed
formulae for these operations. For the product one has

G<Z17“'7Zk;y) G(Zk+l,---,Zk+l;)’) = Z G(ZG(1)7"'7Z0(k+l);y)7
shuffle

where the sum is over all permutations which preserve the relative order of the strings zp, ...,z
and Zxy1,...,2k+- This explains the name “shuffle product”. For the coproduct one has

k
AG(z1,..,23Y) Z (215, 25Y) @ G(Zj41, -, 25 )
J:

and for the antipode one finds
SG(z1,zisy) = (=D G(zk, ..., z13y)-
The shuffle multiplication is commutative and the antipode satisfies therefore
$? = id

From (1) this is evident.

6.6 The antipode and integration-by-parts

Integration-by-parts has always been a powerful tool for calculations in particle physics. By
using integration-by-parts one may obtain an identity between various G-functions. The starting
point is as follows:

G(z1,---r25Y) /dt( (z15t )G(zz,---,zk;t)

=G(z1;9)G(22, -, 213 ) —/dt G(z151)8(z2:1)G (23, .y 245 )

=G(z21;9)G(22, -y 2%3Y) — /dt< (22,215 )) G(z3,.--, 23 t).

Repeating this procedure one arrives at the following integration-by-parts identity:

G(z1, - z5Y) + (=G (2, - 215Y)
= G(21:Y)G(z2, .., 213Y) — G(22,213Y) G (23, oo 25 Y) + ..
—(=1)*'G(zk1,---21:)Glaxy),
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which relates the combination G(z1, ..., zx;y) + (—1)*G(zx, ..., z1;y) to G-functions of lower depth.
This relation is useful in simplifying expressions. Eq. (1) can also be derived in a different way.
In a Hopf algebra we have for any non-trivial element w the following relation involving the
antipode:

ZW(1)~5(W(2)) - 0
(w)

Here Sweedler’s notation has been used. Sweedler’s notation writes the coproduct of an element
w as

Alw) = Zw(l) @w?.
(w)

Working out the relation (1) for the shuffle algebra of the functions G(zy, ..., zx;y), we recover
(1).

We may now proceed and check if (1) provides also a non-trivial relation for the quasi-shuffle
algebra of Z-sums. This requires first some notation: A composition of a positive integer £ is a
sequence I = (iy,...,i;) of positive integers such that ij + ...i; = k. The set of all composition of
k is denoted by C(k). Compositions act on Z-sums as

(i1y.eyig) 0 Z(n5my, ooy X1 oy X))
= Z (n,m1 +... +mi17mi1+l + ... +mi1+i27 ey MG iy 1 +...
+mil+...+il;xl~~~xi1 s Xip+1-+-Xiy+ins '“7-xi]+...+il,1+1 "'-xi]+...+i/) 9
e.g. the first i; letters of the Z-sum are combined into one new letter, the next i, letters are

combined into the second new letter, etc.. With this notation for compositions one obtains the
following closed formula for the antipode in the quasi-shuffle algebra:

.SZ(n;ml,...,mk;xl,...,xk) = (—1>k Z IoZ(n;mk,...,ml;xk,...,xl)
IeC(k)

From (1) we then obtain

Z(n;ml,...,mk;x1,...,xk)—|—(—1)kZ(n;mk,...,m|;xk,...,x1)
=Y P mmminn)

adm. cuts

.S (RC(Z(n;ml, ...,mk;xl,...,xk)))

—(=1)* Z ToZ(nymy,...,my;Xg, ..., X1).
1€C(\(1,1,...,1)

Again, the combination Z(n;my, ...,m;x1, ..., xg) + (= DEZ(nymy,, ..., my;xy, ..., x1) reduces to Z-
sums of lower depth, similar to (1). We therefore obtained an “integration-by-parts” identity for
objects, which don’t have an integral representation. We first observed, that for the G-functions,

72



which have an integral representation, the integration-by-parts identites are equal to the iden-
tities obtained from the antipode. After this abstraction towards an algebraic formulation, one
can translate these relations to cases, which only have the appropriate algebra structure, but not
necessarily a concrete integral representation. As an example we have

Z(n;my,my, m3;x1,x2,%3) — Z(n;m3, my, my;x3,x2,X1) =
Z(n;my;x1)Z(nymo, m3;x2,x3) — Z(n;my, my;x2,x1)Z(n;m3;x3)
—Z(n;my +ma;x1x2)Z(nym3;x3) + Z(nymo +m3, my;x2x3,x1)
+Z(nym3,my +ma;x3,x1x2) + Z(n;my 4 my +m3;x1x2x3),

which expresses the combination of the two Z-sums of depth 3 as Z-sums of lower depth. The
analog example for the shuffle algebra of the G-function reads:

G(z1,22,23:y) —G(23,22,213Y) = G(21:y)G(22,23:y) — G(22,21:y)G (233 ).

Multiple polylogarithms obey both the quasi-shuffle algebra and the shuffle algebra. Therefore
we have for multiple polylogarithms two relations, which are in general independent.

6.7 Numerical evaluation of multiple polylogarithms
The real part of the dilogarithm Li;(x) is numerically evaluated as follows: Using the relations

Lip(x) = —Lix(l—x)+ %2 —In(x)In(1 —x),

2
Lip(x) = —Lip (1) - % - % (In(—x))?,

B, © Bon 2n+1
= B — e
0Z+ 5% +r§l (2n+1)!z )

with z = —1In(1 — x) and the B; are the Bernoulli numbers. The Bernoulli numbers B; are defined
through the generating function
t o 1"
-1 .z:’)Bnn_!'
1=

It is also convenient to use the Clausen function Cl,(x) as an auxilary function.
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6.8 Mellin-Barnes integrals

) 1 T T(—o)T(0+6) o o
Al +A) ¢ = —/ ACA; 40
Ar+42) mi ] 0T T A

with |arg A| —arg A»| < w. The contour is such that the poles of I'(—c) (UV-poles) are to the
right and the poles of I'(a.+ G) (IR-poles) are to the left.

Closing the contour to the left:

1
~— [ do.. =
27ti/ ° ;s’

Closing the contour to the right (negative “umlauf” number):

1
Barnes first lemma:
INa+c)l(a+d)T(b+c)T(b+d)
I'a+b+c+d)

Zim' / dzZl'(a+2)T'(b+2)T(c —2)'(d —z)

if none of the poles of I'(a 4 z)I"(b + z) coincides with the ones from I'(c — z)I"(d — z) and if the
contour separates the increasing series of poles from the decreasing ones.

Barnes second lemma:

L7d [(a+2)T(b+2)T(c+2)T(d —2)[(e—2)
mi ) T(a+b+c+d+etz)

ﬂool“(a +d)T(b+d)(c+d)'(a+e)['(b+e)(c+e)
Ila+b+d+e)l(a+c+d+e)l'(b+c+d+e)
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7 From differential geometry to Yang-Mills theory

Additional textbooks:
- O. Forster, Analysis 3, Vieweg, (differential forms)
- M. Schottenloher, Geometrie und Symmetrie in der Physik, Vieweg,

- M. Nakahara, Geometry, Topology and Physics, Institute of Physics

7.1 Manifolds
M is an n-dimensional differentiable manifold if
e M is a topological space

e M is provided with a family of open sets {U;} together with corresponding mappings @;,
such that the family {U;} covers M, that is,

uu, = M
and where @; is a homeomorphism from U; onto an open subset V; C R".

e Given U; and U; with U;NU; # 0, the map @;; = (pi(p;l from @;(U;NU;) to ¢;(U;NU;) is
infinitely differentiable.

The pair (U;, ;) is called a chart, while the whole family {(U;, ¢;)} is called an atlas. The subset
U; 1s called the coordinate neighbourhood while ¢; is the coordinate function or simply the coor-
dinate. Note that M is locally Euclidean and in each coordinate neighbourhood M looks like an
open subset of R”. But note that we do not require that M be R” globally.

A map f: X — Y between two topological spaces X and Y is called a homeomorphism if it
is continous and has an inverse £~ : ¥ — X which is also continous. In that case X and Y are
said to be homeomorphic to each other.

A map f: X — Y is called a diffeomorphism if it is a homeomorphism and f! € C*.

Let / C R be an interval and y: I — M C R”" a differentiable map. A tangent vector to M at
the point Y(#p) is defined by

d
— R".
QIS

fo

The set of all tangent vectors to M at the point p is denoted by T,M. We denote by 7,;M the dual
vector space of T,M, i.e. the set of all linear forms

¢:T,M— R.
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Elements of ¢ € T,;M are called co-tangent vectors.

A vector field is a map
X:M—R"

X associates to each point p € M a tangent vector X (p) € R”™.

7.2 Differential forms
A differential form of order one is a map
o:M—|JTM
P

with ®(p) € T, M. The differential form ® associates to each point p € M a co-tangent vector
o(p) € T;M. We denote the value of o(p) applied to the tangent vector v € T,M by

(@(p),v)

Example: Let U C R" and let f : U — R be a differentiable function. The total differential d f of
f is defined by

sy = 3L

Coordinate representation: Every differential form of order one can be written as

n

0 = Zfi(x)dx,-.
i=1
Integrals along a curve: Let y: [a,b] — U be a curve . The the integral of ® along 7y is defined by
b
[o = [who. )
Y a
Wedge product of linear forms: Let ®y, ..., ©x € V* denote linear forms. The wedge product is
a map
O A AW VES R
defined by
<(01,V1> ((1)1,Vk>
(O Ao Ao) (Vi,.eyvy) = det
<0)k,v1) <0)k,vk>
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Coordinate representation of differential forms of order &:

1
0 = Hz-filmikd‘xil /\'“/\d'xik'

Pull-back of differential forms: Let U C R” and let

1
0 = E Zﬁlmikdxil N... /\dxik-
be a k-form in U. Further assume that an open set V C R™ and a differential map

0= (Q1,...,¢0n): VU
are given. Then it is possible to define a k-form @*® in V by

. 1
0’0 = ) (fiio®)dey A Adp;.

Remark: k-forms can be integrated over k-dimensional (sub-) manifolds.

Example:

defines a one-form. Further

dA = d (%Avdx )= iéauAvdx“/\de

= i 2(aAv OvA,) dxt Adx.

This motivates the definition of the field strength two-form
.el v
F = dA:l%iFluvdx”/\dx .

7.3 Riemannian geometry

We consider the transformation from a coordinate system K0, x!, x2, 3 to the coordinate system

0 1 2 3
XX K X

K f'“(x X x’2x3).
Under this transformation the differentials of the coordinates transform according to

ox!
dit' = Sogdx o
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A contra-variant four-vector A* is a set of four quantities, which transforms under a coordinate
transformation as these differentials:

ax'“ %

AL = ox"Y

Let ¢ be a scalar function. The derivatives d¢/dx* transform under a change of coordinate sys-
tems as

a0 9o ox"

ot oY o

A co-variant four-vector A, is a set of four quantities, which transforms under a coordinate
transformation as the derivatives of a scalar function:

A%
o',

A:u — WA v

A tangent vector can be expressed at every point as a linear combination of basis vectors €,
— yHp
V. = VFe,.

For the basis vectors the notation

is often used. A vector field associates to every point of a manifold a vector.

The dual of a vector field is a one-form. A one-form associates at every point of the mani-
fold to a vector a (real or complex) number. A basis for the space of one-forms is given by the
differentials dx*:

0 = 0,dx"
The duality between vector fields and one-forms implies
dx (dy) = 8.

A tensor field with r contra-variant and s co-variant indices maps at the point x € M r co-tangent
vectors and s tangent vectors to a real (or complex) number.

(1Y), = (T'M)" < (T.M)* — R,
o' o Vi Ve = (T)), (0 07V, V)

Coordinate representation:
AUl ) = (TD), (dx o dX Dy, D)

78



Representation of the tensor field in the basis:

D—1 D—1
7 = ) Y, AN () (0 ®...®0,) @ (dx ©...©dx").

Example: A (0,2)-tensor field is defined by
D-1
g = Z guv (x)dx @ dx".

u,v=0

Definition of a Riemannian manifold: Let M be a differentiable manifold. A Riemannian metric
gon M is atype (0,2)-tensor field on M which satisfies the following axioms at each point x € M:

gx(U,V) = gx(V, U)
g&x(U,U) > 0 where the equality holds only when U = 0

Here U,V € T,M and g, = g|,.
In short, g, is a symmetric positive-definite bilinear form.

A metric is called semi-Riemannian metric, if

gx(U,V) = gx(va),
and if g,(U,V) = Oholdsforall U € TyM, then V = 0.

A manifold with a semi-Riemannian metric is called a semi-Riemannian manifold.

Remark: Since the metric is symmetric, all eigenvalues of g, are real. For a Riemannian man-
ifold all eigenvalues are positive. A semi-Riemannian manifold may have in addition also neg-
ative eigenvalues. A manifold with exactly one positive eigenvalue of g,y (and (D — 1) negative
eigenvalues) is called Lorentz manifold.

Let (U, @) be a chart in M and {x"} the coordinates. The metric is written as
8 = g#v(p)dx“@)dxv

where Einstein’s summation convention has been used.
The inverse of g,y is denoted by g".
8up8” = 8"Pgpu =19y,
The metric gives rise to an isomorphism between 7,M and 7,"M expressed by
o, =gwlU’  U'=g"ay

where U¥ € TeM and o, € ;M.
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Summary

Differential form:
0 = 0,dx"
Vector field:
X = X",
Differential forms of order r:
O = Oy p0dXT AL A

In general: tensor fields:

D—1 D—1

7 = Y Y, AN (9 ®...®0y,) @ (dx ... @ dx").

Metric: (0,2)-tensor field

D-1
8§ = Z guv(X)dx" @ dx".
1u,v=0

The metric induces an isomorphism between 7,M and 7'M expressed by
(Dlu - glu\/XV

Example for a differential form:

e
A = 1§Au(x)dx“,

This defines a one-form. We have further
e

dA = d(ihc

el
l%i (auAV - aVA'u) dx“ /\dxv.

Avdx') = i~ v N dx"
C

This motivates to define the field strength two-form as

e 1
F = dA:l%EFHVdX”/\dXV.
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7.4 Hodge theory

Let M be a m-dimensional manifold. If M is endowed with a metric, there is a natural iso-
morphism between the space of all r-forms and the space of all (m — r) forms, given by the
Hodge-operator .

£ 0 QN(M) = Q"T(M)

*(dd AN = — ¢l e dxXY AL A

(m_r)' Vit1---Vm

Remark:
%@ = Z£O.
The sign depends on the signature of the metric. In particular

v — (—l)r(’"_r)w Euclidean manifold
B (=1 (m=r)+1gy  Lorentz manifold

With the help of the Hodge operator one defines a scalar product between two r-forms. Let

1
0 = ﬁwmm,,,dx“l Ao Ndxt

1
n = r—!n,,l_“,v,,dx“l/\.../\dx“k.
We define
M
1

r!
M

== _/O)H]mlu"n:ubulvlr |g|dx] A... /\dxm

This scalar product is symmetric:

(03,71) = <n7m)
Example:
el v 1. e v 0 5 e 1. v
*FF = % Z%EFHVdXH/\dX :ZZ§F Eluvpcdx ANdx® = (l&) 5 luvdx“/\dx .

We have further

and therefore



7.5 The covariant derivative

Motivation: In flat space-times the derivatives of a vector

d

v

form a tensor. However, in curved space-times this is no longer true: The derivatives of a vector
do not transform as a rank two tensor. Taking the derivative implies comparing a vector field at
two different points.

Definition of an affine connection: An affine connection V is a map

V : Vect(M) x Vect(M) — Vect(M)
(X,Y) = VxY,

which satisfies the following conditions

V(X+Y)Z = VxZ+VyZ
Vx(Y—I—Z) = VxY+VxZ
Vx(fY) = X(f)Y +fVxY
where f € F(M) and X,Y,Z € Vect(M).

Take a chart (U, ) with the coordinate x = @(p) and define D? functions called the connection
coefficients C" v DY

A
Veyev = C v

where {e,} = {d/9,} is the coordinate basis in 7,M. For functions f € F (M) one defines

Vxf = X(f)=X*" (%)
Then Vx (fY) looks exactly like the Leibnitz rule,
Vx(fY) = (Vxf)Y +f(VxY)
We further set for tensors
Vx(Ti®T) = (VxT)@Th+T®(VxDh)

In the following we use the notation



We have

Vy¥ = XMV, (YVe,) = X" (—ev+YVV,,ev)
X

is called the covariant derivative.

Parallel transport: A vector X is said to be parallel transported along a curve given through
Vif

VyX = 0

holds.
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Summary

Recall: We already formulated electro-dynamics in the language of differential geometry. There
we associated to the gauge potential A, (x) the one-form

e
A = l&Alu(X)dX#,
This one-form defines the covariant derivative
Dy = d+A=d+i—Adx"
he
and the field strength / curvature by
1
F = Di=dA+ANA=dA= ihiEFuvdx“ Adx".
c
Fyy is the usual field strength tensor:
FIJV - aluAv — avAlu

If we introduce the Hodge operation for differential forms

#(dx" AL ANdXT) = 7V|g|e’“““'“’ dx" A LA dx,

(m_r)' Vit1---Vm

we can write the action for electromagnetic fields as

1 he 2
= Sme (—) / Fnk
7.6 Fibre bundles

Recall: We already considered manifolds. For every point X of a manifold M we considered the
tangent space T,M. For a D-dimensional manifold we have

M ~ RP.
It is therefore tempting to consider the product space
E = MxRP,
together with a projection

T : MxRP =M,
(x,V) = x.
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Let

i and i
ox oy

be two bases of the tangent space at point x. Then we have for the transformation matrix

ay¥
= € GLD.R).

The group GL(D,R) is called in this context the structure group of E.

This construction can be generalised in the following points:

- Instead of the tangent space, which is attached to every point of the base space, we can consider
an arbitrary manifolds attached to every point of the base space.

- The structure group need not be GL(D,R), but can be any Lie group.

- The requirement of a global product structure is very restrictive. This can be relaxed towards a
requirement, that this holds only locally, i.e. in a neighbourhood of every point.

A differentiable fibre bundle (E,n, M, F,G) consists of the following elements :
e a differentiable manifold E called the total space
e a differentiable manifold M called the base space
e a differentiable manifold F called the fibre

e asurjection T : E — M called the projection. The inverse image ! (p) = F, is called the
fibre at p.

e aLie group G called the structure group, which acts on F from the left.
e a set of open coverings {U;} of M with a diffeomorphism
0;:UxXF — TC_](U,'>

such that ©d;(p, f) = p.
The map ¢; is called the local trivialisation, since ¢; " maps t—! (U;) onto the direct product

U;x F.

o If we write ¢;(p, f) = ¢; p(f), the map ¢; , : F — F, is a diffeomorphism. On U;NU; # 0
we require that

tij(p) = 0 p@jp F = F
be an element of G, satiesfying the consistency conditions
. —1
t; = ld,tij = tji yLijtjk = Tik-

The {#;;} are called the transition functions.
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Remark: The product structure U; X F is required only locally. Therefore a fibre bundle can be
twisted (example: Mobius strip).

Special cases of fibre bundles: A vector bundle is a fibre bundle, whose fibre is a vector space.

A principal bundle has a fibre, which is identical with the structure group G. A principal bundle
is also often called a G bundle over M and denoted P(M, G).

A section 6 : M — E is a smooth map, which satiesfies TG = idy,.

7.7 Connections on fibre bundles

If we consider as fibre the tangent space, we obtain a bundle which is known as tangent bundle.
A point in the total space is denoted by (x, V'), where x is a point of the base space and V denotes
a tangent vector. We already considered the problem of comparing tangent vectors V and W
attached to the points x and y, respectively. The problem was solved with the introduction of
an affine connection. The affine connection was used to define the parallel transport of tangent
vectors.

We now consider the corresponding situation for a principal bunlde. First we note, that in this
case the fibre is not a vector space, but a Lie group. Never the less, we face the same problem:
We consider a point (x, go) in the total space. If we move in the base space from x to y, to which
point (y,g1) does this correspond in the total space ?

In order to answer this question we again define parallel transport through a connection.

We consider the tangent space TP of the total space P. Let u = (x,go) be a point in the total
space of the principal bundle P(M,G) and let G, be the fibre at x = m(u). The vertical subspace
VP is a subspace of the tangent space 7,,P, which is tangent to Gy at u.

A connection one-form ® € g® T*P, which takes values in the Lie algebra g of G, is a pro-
jection of T, P onto the vertical component V,,P = g.
We require further

(Dug(Rg*X) = g_]mu(X)g'

The horizontal subspace H,P is defined to be the kernel of ®. Thus ® defines a unique separation
of the tangent space 7, P into the vertical subspace V,,P and the horizontal subspace H,P such
that

T, = H,POV,P.

Horizontal lift : Let P(M, G) be a principal bundle and lety: [0, 1] — M be a curve in M. A curve
¥:[0,1] — P is said to be a horizontal lift of v if Ty = y and the tangent vector to ¥(z) always
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belongs to HyP.

A point u; is said to be parallel transported from uy, if there exists a horizontal lift ¥ between u
and uy.

Remark: Therefore the connection defines the horizontal lift and parallel transport.

Pull-back of differential forms: Let U C R" and let

1
o = EZf,-]mikdxil A ... Ndx;,.
be a k-form in U. Further consider an open set V C R” and a smooth map

0= (91,...,0,): V= U.

Then one defines a k-form @*® in V through

. 1
o'w = gz(filmik 0Q)de;, N...\Ndoj,.
Remark: k-forms can be integrated over k-dimensional (sub-) manifolds.

With the help of a section 6 : M — P we can pull-back the connection form  to M:
A = d'o.
We use the notation
A = — (§> TOAY = (i> T9A "
he A ihc A
Here, g is the coupling constant. In electro-dynamcis g equals the elementary charge e.
Remark: For two sections 61 and 6, we always have
oa(x) = c1(x)U(x),

where U (x) is a x-dependent element of the Lie group G. Then we obtain for the local expressions
of the connection one-form

Ay = U'AU+U'aU
This is nothing else than a gauge transformation.

The connection one-form defines now the covariant derivative

Dy = d-i—A:d—(i)iT"A“dx’“‘.
he H
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Remark: This holds for any Lie group G. For electro-dynamics we have the group U (1). In this
case the group has only one generator, which we can take as 1. The formula reduces to

e

Dy = d A:d—(
A + hc

)i,
This formula we encountered already previously.

With the help of the connection one-form and the covariant derivative we define the curvature
two-form of the fibre bundle by

F = DjsA=dA+ANA.

Remark: This definition is in close analogy with the definition of the Riemannian curvature ten-
sor. Also the Riemannian curvature tensor can be calculated through the covariant derivative of
the affine connection.

Note that with

we have
dA = d(Avdx") =, Avdx" Ndx"
= 2 (Buhv A i
ANA = Audi'NAvdx = % (AuAy —AVA,) dx* A dx"
= % (A Av] dx¥ Adx”

and therefore
1
F = 3 (0uAv — VA, + [Ay,Av]) dx* Adx"
1
- EFH\/dx'u/\de

in agreement with the previous notation.

8

Fy = ;T "Flj’v
In local coordinates one has
Fo= L (i) iTOF dx A dx’
2 \he mv ’
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where
FY = 9,A%—3A%+ (%) FeeALAS,
In this context we also introduce the dual field strength

- 1
Fov = EEMVPGF Pe

or equivalently, the dual field strength two-form
1 1
*F = % (EF’WdX# /\dxv) = Zi'i,uvpcs}?"uvdxp Ndx°
1~
= EvadX# /\dxv
Then the action can be written as
1 4 1
S = —Z/dxF;vFa“V:?/TrF/\*F
Substituting the explicit expressions, we recover the previous result:
1
S = — / Tr FHVF’“’deo Adx" Adx* A dx®
282
With the Hodge inner product the action can be written as

1 I I
S = —2/TrF/\*F:—2Tr (F,F) = — Tr ||F||?
8 8 8

FS = 0,A%—0yAY+ (%) FebeAbAS,

The Lagrange density is invariant under the following gauge transformation:

TA%(x) — U(x) <T“AZ(x)—i—i%ay> U(x)"

where
U(x) = exp(—iT“0%(x)).
The Bianchi identity reads
0™ + A, F*™] = 0
The (classical) Yang-Mills field equations read
0 F*™ + A, F'] = 0

Summary:
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Maxwell

Yang-Mills

Bianchi

Euler-Lagrange

3,F* =0

QuF™ =0

OuF™ + [Ay, F*¥] =0

0uF™ + [Ay, F*N] =0
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7.8 Instantons

Recall from the last lecture:

1 1
S = — | TtFA+F = — | d*xTr F F™
gz/r * 2gz/xr,,V

8

1
F = EFluvdX'u/\dxv, F,uV = YTaF/le’
A = Ay, A,=S8TC
i
F = dA+AANA.
Dual field strength:
1. v & 1 oG
Y EvadXH/\dx 5 F,LN = Egluvch
Bianchi identity:
0™ + A, FY] = 0
Euler-Lagrange equations:
0 F*™ +[A,,F'] = 0

Gauge transformations:
-1 ~1
AL = U AU+U 9 U.

In this lecture: SU(2) Yang-Mills theory in euclidean space. The generators of SU(2) are pro-
portional to the Pauli matrices:

r=(5a) e(0 ) ()
Let us look at classical solutions for the Yang-Mills theory, such that the action is finite
1 4 v
S = ng/d x Tr Fyy F*
In Euclidean space this implies

[ =0
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One is tempted to conclude that this implies

lim A,(x) = 0.

x| —o0
But this condition is too strong. In fact, the vanishing of the field strength implies only

lim A,(x) = U '(x)a,U(x),

[ =0

which is obtained from A, (x) = 0 by a gauge transformation. A field configuration like U ~! (x)d,U (x)
is called “pure gauge”. Therefore we look at classical solutions, which approach a pure gauge
configuration at infinity.

For four-dimensional Euclidean space the points at infinity form a three-sphere. The gauge-
transformation U at infinity represents therefore a mapping from S° to SU(2). Since SU(2) is
topologically equivalent to a three-sphere, we look at mappings

s - 5.
These mappings are characterized by a topological winding number.

Simple example:

u() — u(),
0 M0,

The winding number is given by

1 . _
= — / d*x Tr Fy F

In Euclidean space we have the positivity condition
/ d*x Tt (F £ Fy) (FY £F) > 0.
Since further
EnF?™N = FyF*
we have
(Fv £ F) (F*Y £ FY) = 2F F* £2F F*™
and therefore

/ d*x Tr F F™ > ’ / d*x Tr F ™| = 167% |n] .
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Thus the action satisifes

872 |n|
S 5
8
The action is minimized for
F,LlV = :i:F:LlV'

These solutions are called — depending on the sign — self-dual and anti-self-dual solutions.

Remark: Self-dual and anti-self-dual configurations are automatically solutions of the Euler-
Lagrange euqation. From the Bianchi identity

O™ + A, FY] = 0
and Fyy = +F,y it follows immediately
OuF™ + [A,, F*] = 0.
The instanton solution of Belavin, Polyakov, Schwartz and Tyuplin (Phys. Lett. 59 B, 1975, 85):

X2

Alu )C2 + p2

U~ (x)9,U (x)

where p is the instanton radius and

Ulx) = % (x0 + iX0)
With the identity
(d@6)(b6) = (@b)1+i(d@ x b)&
we obtain
(xo+iX8) (xo —iX8) = x3+X°
Therefore one shows for
Ul(x) = ﬁ (xp — iXO)
that
Ulx) = U'(x)
Further
det (xg+iXG) = x%,

and therefore
U(x) € SU(2).
In the limit x* > p? the gauge field reduces to a pure gauge configuration

Ay~ U (%)9,U (x)
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7.9 Chern classes and Chern characters

Invariant polynomials: Let N be a complex k X k matrix and P(N) a polynomial in the compo-
nents of N. P(N) is called an invariant polynomial if

P(N) = P(g"'Ng)
for all g € GL(k,C).
Examples for invariant polynomials:

det(1+N),
Tr expN.

Remark: If A has eigenvalues {Af,...,Ax}, P(A) is a symmetric function of the eigenvalues.

For a principal bundle we consider invariant polynomials as a function of

LF
27

The total Chern class is defined by

c¢(F) = det <1 + %)

Since F is a two-form, ¢(F) is a direct sum of forms of even degrees,
c(F) = 14+ci(F)+caF)+...

where ¢;(F) € Q% (M) is called the jth Chern class.
In an m-dimensional manifold M, the Chern class ¢;(F) with 2j > m vanishes trivially.
Irrespective of dimM, the series terminates at cx(F) = det(iF /2r) and ¢;(F) = 0 for j > k.

Example: SU(2) over a four-dimensional manifold with

lg v
iF i 1+.LF L(F'-iF?)
F) = 1+— | = 14+ —F9° ) = ) 47 in ]
c(F) det< +2n) det( +2n ) det( L(FRiE) T LR
1
= 1+——(F'AF'4+ FPAF?+ FAF3
+16n2( + + )
1
= 1+WTrF/\F.
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Working out the first few Chern classes we find

co(F) = 1,
ci(F) = éTrF,
1
r(F) = o5 [TtFAF~TrF ATCF).

Remark: For a SU(n) bundle we have Tr F = 0 and therefore the Chern classes simplify to

C()(F) = 1,
Cl(F) = O,
1
CQ(F) = WTI‘F/\F

The total Chern character is defined by
iF
h(F) = T —
ch(F) r exp (275)
The jth Chern character ch;(F) is

1 iF\’

If 2j > dimM, ch;(F) vanishes, hence ch(F) is a polynomial of finite order. The first few Chern
characters in terms of Chern classes are

Ch()(F) = k,
Ch] (F) = C](F),
Chz(F) = % (C] (F)Z—ZCZ(F))

For a SU (n) bundle we obtain

Ch()(F) = k,
Chl(F) = O,

1

An important property of the Chern classes and Chern characters is the fact that they topologi-
cally invariant integrals. An example of such an integral we encountered for the winding number:

1 - 1
= W/d4xTrFHVF“V:W/TI‘F/\F:/Q(F)-
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8 Supersymmetry

8.1 Groups and symmetries of space-time
8.1.1 The Poincaré group

The symmetry properties of four dimensional space-time are described by the Poincaré group.
The group elements act on four vectors according to the following transformation law :

/

o= A XY+t

A describes rotations in four dimensional space-time (e.g. ordinary rotations on the spacial
components plus boosts) whereas a describes translations.
The group multiplication law is given by

{a, MiHao, Ao} = {a1+Aaz, AiA2}.
The generators of the Poincaré group can be realised as differential operators :

P, = id,
My = i(xyav—xvay).

The algebra of the Poincaré group is given by

[Muv:Mps] = —i (gupMvo = 8vpMyo + 8uoMpv — 8voMpy) .
[M,uv,Pc} = i (gvcp,u _g,ucPv) )
[P,P] = O.

The Poincaré algebra is a Lie algebra, but it is not semi-simple, since it has an Abelian non-trivial
ideal (P,).
Casimir operators are M> and W? where

1
M?*=P,P*,  WH= 5ef‘VP"PVMp(,.

WH is called the Lubanski-Pauli vector.

8.1.2 The homogeneous Lorentz group

With the notation
B) = (M*', M2 M%),
(R) = (M>.M'\M"),

the algebra of the homogeneous Lorentz group is given by

[BHBJ} = _igiijlﬁ
[Ri,Rj] = igijiR,
[Bi,Rj} = ieijkBk-
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If one defines

1 .
Ji = 5 (Ri-i-lB,'),

1
Ki = 5 (Ri—iBj),

the algebra can be writen as direct product of two SU(2) algebren :
idj] = —igijik,
[Ki,Kj| = igijikx,
[JiKj] = 0

8.2 Mixing internal symmetries with space-time symmetries

No-go theorem by Coleman and Mandula': Any Lie group containing the Poincaré group and
an internal symmetry group as maximal subgroups is the trivial product of both. In other words,
internal symmetry transformations always commute with the Poincaré transformations.
Extended by Haag, Lopuszanski and Sohnius? to superalgebras, e.g. some generators of the
symmetry obey anticommutation rules instead of commutation rules.

8.3 Grassmann algebra

Ordinary number commute:

[x,-,x j} = 0.
The Grassmann algebra consists of anti-commuting numbers
[0,,0,} = 0.
A Grassmann algebra of n anti-commuting variables {01, ..., 0, } can be regarded as a vectorspace

over C or R with basis
0;, 0;6;, 60,0, ..., 01...6,,

(withi < j < k, etc.) and dimension

The differentiation is defined by

ﬁj(el"'ej"'em) = (—1)j_191...éj...9m,

IS. Coleman and J. Mandula, Phys. Rev. 159 (1967), 1251
R. Haag, J. Lopuszanski and M. Sohnius, Phys. Lett. B88 (1975), 257
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where the hat indicates that the corresponding variable has to be omitted. Note that

09, _ 99,
00,00, 00;00;

The Taylor expansion of a function F(6) depending on a Grassmann variable 6 is given by
F(0) = Fy+Fb.
The differential d0 is also a Grassmann variable:
{6,d0}

Integration over a Grassmann variable is defined by

/de:o, /deezl.

Multiple integrals are defined by iteration:

/deldezF 61,0,) /del (/dezF 0,.0, )

8.4 Sign conventions
The convention for the metric tensor is
guw = diag(+1,—-1,—1,-1)

2-dimensional antisymmetric tensor :

0 1
SAB:<_1 0), €A = —€4B

Furthermore:
€7 =€87 =€ =¢p-

Pauli matrices

4-dimensional o*-matrices

o, = (1,—-0) 648 = (1,3)

Weyl representation for the Dirac matrices

r=(a 5 ) wotrrr=(y 5)
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Raising and lowering of indices:
Pt =e"ps, g =y,
A
Pp=r"€s, 48 =q €an.

Note that raising an index is done by left-multiplication, whereas lowering is performed by right-
multiplication.

Spinor products:
(pa) = plaa
[pa] = pid"

The spinor product is anti-symmetric: If ps and gp are Weyl spinors (two-component spinors
with complex valued entries), then

(rq) =—{ap), [pq]=—lqp).

Spinor products of Grassmann valued spinors are often denoted as
v = v,
v = vt
Note that we have
=y, W=7V

Here we have one sign from the anti-symmetry of the spinor product and another sign from
exchanging two Grassmann variables.
Useful relations:

~uAB __  LAD_.BC

G = ¢'P¢ GZD,
~1uCD

GLAI.B = o €cpEDA-

8.5 Superspace

The superspace coordinates are z = (x,,,04,0,) where the 64 and 8, (A,A € {1,2}) are Grass-
mannian coordinates:

{eAveB} - 07
0> = 00, = 05e1P0,,
0avp = —VYg04.
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The supersymmetric transformations are generated by

T
iy d i 9 -
0" = g5, T = g ict o

They satisfy the supersymmetry algebra:

{QA,QA} = —ZiG“AABH = _ZGMAAPW
{QA?QB} = {Q_A_7 Q_B} - 07
[P,“’QA] = [PHvQA] =0.

The covariant derivatives are given by

D, = 9,
I _io" 84
Da = 557 716,59 0,
RA J .NA BA d .—uAB
DA = E—le GIAJBS alu: @—l@“ eBa'u.

By construction they anticommute with the supersymmetry generators
{0a,Dp} = {0,,Dy} ={0a,Dy} ={0,,Dp} =0.
Further
{Da,D;} = 2ic', 9y,
{Da,Dp} ={D;,Dy} =0.

8.6 Supersymmetric fields
A superfield F(x, 0, 0) is expanded according to

F(x,0,0) = f(x)+060(x)+60(x)
+0%m(x) + 6%n(x) 4+ 066+Bv, (x)
+6%0(x) + 620y (x) + 6%6°d(x)

It contains four scalars (f, m, n and d), four spinors (¢, ¢, ¥ and ) and one complex vector v,,.

8.6.1 Chiral super-fields

Chiral superfields are defined by

De®(x,0,8) =0, Dud(x,0,8) =0.



Let
W=x"—i0c"8, ' =x"+i0c"0 =" —iBG"6.
Then
DAY =0, Dy =0.
Therefore a chiral superfield Dy ® = 0 depends only on y¥ = x* — i86*8 and ©:
® = D(y,0)=0() +V20y(y) +6°F(y).

Use Taylor expansion:

S Y L. () = oot

n=0"""
Therefore
O = o(x)—i(06"0)du(x )——ezeza 0"9(x)
+V20y(x) —iv2 (6048) eAa,,\pA (x) 4 0%F (x).
Then

® = (x)+i(65"8)9,d(x )——ezeza 9 (x)
FV2§(x)B+iv2 (668) 9, (x)8" + 82F ().

8.6.2 Vector super-fields
A vector superfield is defined by
Vv = V*
The general form of a vector superfield (after expansion in the Grassmann variables) is given by

V = C( )+ i (x) — 07 (x )+e<s“év (x)

+99( (%) +iN(x)) — 99 M(x) —iN(x))

+i0660 (k( + c“ayn ) zGGG( )+ 6“8#71( ))

+;9666< )+ = DC )

In the Wess-Zumino gauge we have

The vector superfield reduces then to
~ _= - 1 5=
V. = (00"0)V,+i0>(61) —i6> (6A) + 56)2921).
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8.7 Transformation of the fields

Infinitessimal susy-transformations are given by
& = M'Qa+n0°
A finite susy-transformation is given by
expi (N0 +M0)
Useful relations
Dy =0, Dy =0,
o' =0, Q' =o0.
as well as
Ox = Ds+2ic 8%,
0% = DP+2i6"5C0c0,.
For a chiral superfield

D(3,0) = 0(y)+V20y(y)+6°F ().
we have
m® = MQ)P+2i(16"0)d,P

VINW() + 200F (7) + 2 (7156) 9,
= V2ny(y) +20nF (y) — 2i06"19,0(y) — V2i0* 750,y (y).

Therefore

o = Vo,
v = —V2ic"f9.0+ V2NF,
F' = —V2in6"d,y.

The vector superfield transforms as

Ve = i(A6A ~R%e) = —i (R + AorR) = i (oA + A6“AY)

L, .
A = EG“GVnFjV+an“,
DY = no"9,A+9,AGH.
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8.8 Lagrange density for supersymmetric QCD

To construct supersymmetric Lagrange densities one uses the highets component fields of a su-
perfield, e.g. the F-terms for chiral superfields and the D-terms for vector superfields. Note
that the projection onto these components can be written as a differentiation or integration with
respect to the Grassmann coordinates:

0* 9?
409 _—
e = smaw
The Lagrange densitiy for supersymmetric QCD:
1 1 -

—+ (i)+ezqu)+ ’D " (i)_e_ngTq)_ ’D -+ mCI)_CI)+|F -+ m<i>+<i>_ Fe
The function
W(q)+,q)_> = md9_¢'+

is often called the superpotential. In the Lagrange density we have

Wy = —% (DD) (e*ZgVDAeZgV) ,

- 1 — _

Wy = —H0D) ((Dye) ),
vV = TWY

and V¢ is given in the Wess-Zumino gauge by

Ve = (0040) Vi +i0? (1) 8 (0A°) + 50°°D".

We further have

Vvt = (86"9) (65V6) VIVy,

vevbye = 0.
Therefore
eV = 142g(60"0) VT +2gi6% (BLY) T“ — 2gi0* (OA*) T
+0%0° (DT + g2V vHTT? )
and

D 0| = (Du¢+)T (D“4 ) + i, 8“Duyy +iV2g [d ATy, — P AT 0, |
+80+ DT + F. Fy,
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where the covariant derivative is given by
D, = 0d,+igTVy.
For the vector field we find
e %'Dpe’" = 2g6M0V, +4gi0 (OL) —2gi0°L — igh*c"5"0 (9,,V, — 2igWyV},)
+206% (gD + g°V,V*) — g0°8°6"9, A +45%i0°c"8 [V, 1] ,
(D;e*") e 2" = &;;{246"0V, +4gi0 (OL) — 2gi0*A — igh”6"5"6 (3,4 +2giV, V4
~20%0 (gD + g*V,V*) — g6°0°6"9, L + 4g%ic"08> [V, 0M] } .

0 0 ~~ 0 -
AB :AB C 2
DADA = —€ W@‘FZZE Gﬁce w ,u+9 D,
_ d 0 i d

We obtain for the Lagrange density
1 a\2 | sazu a 1 aya
L = — (Fa)” +id6" (Dh)“ + 50D
+ (D) (D0.) + iV, 5 Duyry +iv2g [§: ATy, — AT, |
+80+ DTG4 + FLF
+ (Do) (D) +i_6"Day_ —iv/2g [q‘uf’ 7Ty —y AeTe’ ¢_]
—g0_D'T*To_+F F_
Fm YW =Y O P O F 0 F + 0 Fy,

where

D, = 9,—igT*" V!

Elimination of the D-terms and F-terms:

oL _ oL,
oD  OF
_ 1 ama Y amra s araT - 1 2 (x a Y aT 2
Lp = SDD 480 D170 — g0 DT ¢ = —78" (0+T70+ — 0 T7" ¢
LF+ = F+F+ —I—m(j)_F_,_ —|—m(1_)_F+ = —mz(j_)_(b_
Ly = FF 4+m0.F +md F =—-m*§ ¢,

The relations are
D* = —g <J>+Ta¢+ —0- TaTqL) ;
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Fo=-mb_. F.=-md_
F.=-mé; F =-moy
Finally:
L= (R + 0 (D)
+ (Du0+) " (D0.4) + i, 6" Dy +iV2g [0 ATy — W AT, ]
+ (Do) (D0_) +iy_ "Dy —iv2g [q‘u»“ T Ty_—g_Aere? ¢,}

_ _ _ _ 2
gm0, -0 — 2 (8,7, 5 1o )

Note that (after one partial integration)

y_o6"d,y_ = iy_o"d,p_
Eliminating 7¢7 we obtain
1 = a
L= “Yeyaaee o)
+ (Dy¢+)T (D) + i1 6" Dy +iV2g [0 AT Yy — AT ]

+ (D) (D"0) +iv_ "Dy +iV2g [0 ATy —y AT_]
_ _ 1 _ _
—my oy —mY g =m0y —mh 0 — S g” (04T — 0-T_)°

With
@:<W*7\T’+)7 T:($f)7
A= (it =ihy), A= 43
- ) ‘A ] - —l}LA I
we obtain
1 a\?2 i—a a T =
L = —Z(F,N) +5A ¥ (DuA)* + YYD, Y — mPY

+(Dud+) (D05) —mPos 04 + (Dud-) " (D5-) —m2d_¢_
+v2g [0 ATPLY + PP ATy — O_A“TP_¥ — PP, A“T¢_]

1 - -
- 582 (04T — ¢ Taq)f)z :
8.9 Supersymmetry breaking

Qo and Qg can be considered as creation (Qg) and annihilation (Qg,) operators. The vacuum is
defined by

O«l0) = 0.
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Take the trace over
{Q% Qa} = Zcﬁapﬂ-

Then

1 _ - - _

H=P = 1 (010 +0i01 + 02205+ 0,0»)
1 - - - -
= 7[(@+0)(21+0i1) +(22+05) (224 05)]

where H = P, is the Hamiltonian. The operator on the right-hand side is positive semi-definite.
(The operator Qu + Qg is a hermitian operator, due to Qg = Qg . A hermitian operator has real
eigenvalues and the square of these eigenvalues is a non-negative number.) Therefore the linear
combination Qg + Qg annihilates the vacuum

if and only if the Hamiltonian does as well,
(0|H|0) = 0.

Therefore the vacuum energy serves as an order parameter: If (0|H|0) # O then the supersymme-
try is broken. On the other hand, if supersymmetry is unbroken, then the supercharge annihilates
the vacuum. Since the vacuum is defined by Qg |0) = 0, we conclude that if supersymmetry is
unbroken, all supercharges annihilate the vacuum :

QOL|O> - 07
0«|0) = 0.

8.10 Supersymmetric relations

After removing the colour factors, QCD at tree-level may be viewed as an effective supersym-
metric theory, where the quarks and the gluons form a super-multiplet (a N = 1 vector super-
multiple). In an unbroken supersymmetric theory, the supercharge

2= (&)

n

(0[[Q, ®1P2...@,][0) = ) (0[@1... [0, P)]...®,[0) =0
i=1

annihilates the vacuum, and therefore

where the field ®; denotes either a gauge boson g or a fermion A. It is convenient to multiply the
supercharge Q by a Grassmann spinor 1. 1 is usually chosen to be a Grassmann number 0 times
a spinor i(q) for an arbitrary null-vector g. It is convenient to define

0(q) = 6it(q)Q.

106



The commutators are then given by
[0(a),8" (k)] = FT*(k,q)A™(k),
[0(q), A" (k)] = FTT(k,q)g™ (k),
with
I"(k,q) =0(q+|k—) =8[gk], T (k,q) =6(q—|k+)=0(qk).
The simplest case is the all-equal helicity one. Using the supersymmetric relation
0 = (0[[0:ATg;8,][0)

= T (p1,9)Alg] &5, ,gi)+T+(pz,q)A(AT,A2+,---,gI)
++F+(pn7 )A(A] 7g27 AiT)

Note that I'(p,¢) anticommutes with the fermion operators A due to the Grassmann nature of
0. Since massless gluinos, like quarks, have only helicity-conserving interactions, all of the
amplitudes but the first one must vanish. Therefore so must the like-helicity amplitude

Algl 85,8 = 0.
Similar, with one negative helicity one gets
0 = (0[[Q.A{8;87-2,]]0)
= I (p.9Ag] 8,83 81 ) T (P2, AN, Ay 87 . 80)-
Choosing g = p, one shows that
A8/ 87:83:81) = O.
Setting ¢ = p1 one obtains
A(AT A5 .87....81) = 0.

With two negative helicities one starts to relate non-zero amplitudes:

0 = < HQ Algs - ~~8,T_1g;HO>
= —F’(pl,q)A(gl,gz,---,g},---,gﬁl,g;)—F’(pj,q)A(AT,gf,---,A},---,g,il,g;)
_Fi(pYZ?q)A(AiI»?g;?7g]_77g;|1;17[\7;)

setting the reference momentum equal to g = p; and using the expression for the maximally
helicity violating gluon amplitudes one obtains the expression for an amplitude with a pair of
quarks:

(1j)(jn)?
(12)(23)...(n1)’

n—2
Aizree(q—]i_vgg_a"'7g;7"'7gj1__]7q_;> = l<\/§)
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8.11 Spontaneous breaking of supersymmetry
8.11.1 The mechanism of O’Raifeartaigh

The simplest model consists of three chiral superfields. In this model the superpotential is given
by

W(q)l,q)z,q)3) = 7»Cl>1+mCDQCI)3 —ng)]q)zq)z

8.11.2 The mechanism of Fayet and Iliopoulos

Fayet and Iliopoulos considered a model of two chiral superfields ®; and ®; and a vector super-
field V corresponding to an abelian gauge group. The potential in this model is given by

1
2K <F1 Ff +FRF + 502) .

8.12 The minimal supersymmetric standard model

The supersymmetric part of the minimal supersymmetric standard model (MSSM) reads:

1 1 1
Lsysy = 82 Tr WSU(z)WSU(z)}F‘i‘@ Tr WU(I)WU(I)}F+@ Tr Wsy(3)Wsu3)| p +hec.

+0 efZg/V/TfZgVTfZgSVSTQ’D 1 eV +28V+28:Vs U’D 1 D2V 28V D’D
| e 28V -2VT L’ | N8V 28V N’ | V2V E’
D D D
+ 7,6V 2V ‘D + AV 2V HZ‘D
+ [ (KdHl OD + \H,QU + A H\LE + A\yHyLN —,quHz) |F + hC]

Remarks: The Higgs boson is in a chiral superfield and has a spin 1/2 partner, the higgsino.
Anomaly cancellation in the fermion triangle loop requires that there are two Higgs superfields.

The supersymmetric part alone would predict equal masses for all particles in a super-multiplet.
This is not observed. Therefore one adds additional terms to the Lagrange density, which ex-
plicitly break supersymmetry. As these are rather arbitrary, one usually requires that the SUSY-
breaking terms

- generate no quadratic divergences,
- are gauge-invariant,

- conserve R-parity
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These three conditions define the “soft-breaking-terms”.
Loopi = | el —m3 gl = |de|” — i} [IL|" — VR — i el?
2 |HL = ml ||+ % (MUA - MaA“AS + MAAD)
. (dedHf Ghdh + MAHAGL T, + M AHIT R + MAVHALV, — m2HIH] + h.c.>
R-parity: Consider a transformation, which transforms the Grassmann coordinates as
Bs —e ' B — 9,

Furthermore, require that each superfield has a well-defined transformation law under this trans-
formation, like

O — 990,
qo is called the R-charge of the superfield. Writing out the superfield in components
@ = 0(y)+V20y(y) +O°F(y),

it is clear that the component fields transform with R-charge

o : qo,
v o (]d>+17
F : go+2.

Assign the R-charge +1 to all quark and lepton superfields, and R-charge O to the vector super-
fields and the two Higgs superfields.

R-parity: Restrict ¢/® to £1.

It then follows with the assignment of the R-charges above, that all standard model-like par-
ticles have R-parity +1, whereas all superpartners have R-parity —1.

Conservation of R-parity implies that at each vertex the product of the R-parities of the involved
particles evaluates to +1. This implies that the supersymmetric particles do always occur in pairs.

Corollar: The lightest supersymmetric particle is stable.
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